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Hybrid systems

® A hybrid dynamical system is one which combines continuous and
discrete transitions.

® The dynamics of such systems are continuous “most of the time",
except at some instants at which abrupt changes occur.

® This framework may be used to model mechanical systems with
impacts.
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Hybrid systems

Definition
A hybrid system is a 4-tuple 7 = (M, X, S, A), formed by
® a manifold M,
@® a vector field X € X(M),
© a submanifold S C M of codimension 1 or greater,
O an embedding A: S — M.
The dynamics generated by ¢ are the curves c: | C R — M such that

e(t) = X(ce(t)), if c(t) ¢S,
ct(t) = A(c(t), ifc(t)es,

where
cE(t) = lim (7).

T—tE
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Hybrid Hamiltonian systems

A hybrid dynamical system (M, X, S, A) is said to be a hybrid
Hamiltonian system and denoted by .73 if

@® M C T*Q is a zero-codimensional submanifold of the cotangent
bundle T*@ of a manifold @,

@® S projects onto a codimension-one submanifold mo(S) of Q,
© 1o A =Ty,
O X = Xy is the Hamiltonian vector field of H € €°(T*Q) w.r.t. wg.
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Hybrid Hamiltonian systems

Physically,

® (Q represents the space of positions,

T*Q the phase space,

Xy the dynamics between the impacts,

mQ(S) the hypersurface where impacts occur, and

A the change of momenta on the impacts.

Hybrid dynamical systems Geometrical aspects of material modelling 5



Introduction Reduction wille—Arnol'd theorem amilton — Jacobi theory References

®00000 [ (o} [o]e OO

Hybrid Lie group action

Definition
A Lie group action ®: G x Q — Q is called a hybrid action for 7} if its
cotangent lift T : G x T*Q — T*Q satisfies the following conditions:

@ H is " -invariant, namely, H o (D;* = Hforall g€ G,
@® the restriction ¢T*‘G s is a Lie group action of G on S,
X

© the impact map is equivariant w.r.t. this action, i.e.,

Dody'| =9 oA, VYgeG.
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Hybrid momentum map

Definition

Let : G x Q@ — @ be a hybrid action for 7. A momentum map

J: T*Q — g* for the cotangent lift action ®'" is called a generalized
hybrid momentum map if, for each connected component C C S and for
each regular value 1~ of J, there is another regular value ™ such that

Al w) c I (pt).

In particular, if u= = pt it is called a hybrid momentum map.
A hybrid regular value of J is a regular value of both J and J|s.
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Hybrid momentum map

In other words, J is a generalized hybrid momentum map if, for every point
in the connected component C of the switching surface S such that the
momentum before the impact takes a value of =, the momentum will
take a value u* after the impact.

It is a hybrid momentum map if its value does not change with the
impacts.
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Hybrid reduction

® There is a natural action of a Lie group G on the dual g* of its Lie
algebra, called the coadjoint action.

® The isotropy subgroup G, at i € g* is the Lie subgroup given by
those elements of G whose coadjoint action leaves y invariant,
namely,

Gu={g€Glg - n=n}t.
® In the case of an Abelian Lie group, G, = G.
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Hybrid reduction

Proposition

If v and p* are regular values of J such that A (J\S_l(,u*)) c I Hut),
then the isotropy subgroups in u~ and pu™" coincide, that is, G- = G+,
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Hybrid reduction

Theorem (Colombo, de Leén, Eyrea Irazi, and L. G., 2022)

Let : G x @ = Q be a hybrid action on 7. Assume that G is
connected and that @7 : G x T*Q — T*Q is free and proper. Consider a
sequence {fi;};c c Of hybrid regular values of J, such that

A (J|571(,u,-)) C J7Y(uiy1). Let G, = G, be the isotropy subgroup in ju;

under the co-adjoint action. Then, the reduction leads to a sequence of
reduced hybrid forced Hamiltonian systems

FE = <J_1(Mi)/G,um XHH,7J|5_1(HI)/G;L0> (A)#i> :
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Hybrid reduction

_ _ Al _
s TN ) > Y () = I (i)

) 57 ) Gy iy )

) Ho

(9}
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Nonholomic systems

Roughly speaking, a nonholonomic constraint is a constraint in the
velocities which cannot be reduced to a constraint in the positions.

Geometrically, this is expressed by the fact that the phase space is a
(co)distribution of the (co)tangent bundle.

Let L: TQ — R be a mechanical Lagrangian function, namely,

(g v) = 384(v:v) ~ V(a),

where g is a Riemannian metric on Q.
The Hamiltonian counterpart of Lis H: T*Q — R, where

H(q,p) = %ggl(p,p) +V(q).
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Nonholomic systems

® Suppose that the system is subject to the (linear) nonholonomic
constraints given by the distribution

D={veTQ|u’(v)=0,a=1,...,k},

where 112 = 117(q)dq’ are constraint one-forms.
® Denote by C = b,(D) the associated codistribution.
® The nonholonomic vector field X,‘},h of H is given by

LxmhWQ = dH — A\, p?,

with the constraint
Trg (XE') € T(D).

® Here, wg = dg' A dp; denotes the canonical symplectic form, and A,
are Lagrange multipliers.
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Example: Rolling disk hitting walls

® Consider a homogeneous circular disk of radius R and mass m moving
freely in the plane.

® The configuration space is @ = R? x S™.
® The Hamiltonian function H: T*Q — R of the system is
1 5

_ 1 2 2
H = %(px +py) + Pyl

where (x,y,0, px, py, ps) are the bundle coordinates in T*(R? x S!).

® The coords. (x, y) represent then position of the center of the disk,
and 0 represents the angle between a fixed reference point of the disk
and the y-axis.

® Here m is the mass of the disk and k is a constant such that mk? is
the moment of inertia of the disk.
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Example: Rolling disk hitting walls

® There are two rough walls situated at y =0 and at y = h > R.

® Assume that the impact with a wall is such that the disk rolls without
sliding and that the change of the velocity along the y-direction is
characterized by an elastic constant e.

® The switching surface is S = C; U G, where

Cl = {(Xv)/a'lgapx’pyapﬁ) | y = R, Px = Rpﬁ/k2 and Py < 0},
C2 = {(vavﬁapx’pyapﬂ) ‘ y = h— R7 Px = Rpﬂ/kQ and Py > 0}’

and the impact map A: S — T*Q is given by

o R’p, + Rpy _ oRpx +py
A (pxapyape)'_)< k2+R2 7_epy7k k2+R2
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Example: Rolling disk hitting walls

® The condition py = Rpy/k? comes from the nonholonomic constraint
of the walls.

® The conditions on the sign of p, ensure that the y-component of the
momenta points towards corresponding the wall.
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Example: Rolling disk hitting walls

e Consider polar coordinates (r, ) in the plane, namely,
X=rcosp, y=rsinp.

® Let (r,¢,0,pr, py, Po) be the induced bundle coordinates in T*Q.
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Example: Rolling disk hitting walls

® |n these coordinates,

1 1 1
H = 2 2
2mp’ * 2mr2Pe * 2mk2Po>
i R
Clz{rsingozR, p,cosgo—p‘psmsozﬂ
r k2
and p,sing0+w<0},
r
, pesing  Rpy
G = rsmgo:h—R,p,cosgp—izﬁ
r

and prsingo—i—w >O} .
r
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Example: Rolling disk hitting walls

® The impact map A: (p;,p,,py ) — (P, P}, py ) is given by

p = (2cos®p —1)p; — 2sing0cos<pp—‘p,
r

P;:_P;a

Py =Py -

® Consider the Lie group action
¢:T? x Q= Q
(a,B:r,0,0) = (rip 4,0+ B).

® |t is clear that H is invariant under the cotangent lift action
T T2 x T*Q — T*Q.
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Example: Rolling disk hitting walls

® The associated momentum map is J = (p,, ps).

® Notice that it is a generalized hybrid momentum map but not a
hybrid momentum map, namely, A(J|-"*(u7)) € J=1(ut) but
I (pt) # I (w).

® Let pu = (1, itg) be a hybrid regular value of J.
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Example: Rolling disk hitting walls

® The reduced connected components of the switching surface can be
written as

posing _ Rug
r k2

< 0 for some v € [0,27T)} ;

Cip = {rsinfy =R, p,cosvy —
cos
and p,singo—i—M

p

posiny _ Rug
r k2

> 0 for some 7y € [0,27r)} )

G = {rsinyz h— R, prcosvy —

cos
and p,siny + He €057
r
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Example: Rolling disk hitting walls

® The reduced impact map reads

_ _ . 12
A, py = (2cos®y — 1)p; —25|nfyc057790,

where v is determined by the relation between v,, u and ,u(j.

Hybrid dynamical systems Geometrical aspects of material modelling 23



Reduction
000000

Integrable hybrid Hamiltonian systems

® A particular case of hybrid reduction is when we have the Abelian Lie
group action ®: R" x T*Q — T*Q generated by the Hamiltonian
flows of n functions fi,...,f, in involution.

® |n that case, we can identify the momentum map with
F=(f,....fh): T"Q — R".
® \We may obtain action-angle coordinates for each time interval

between impacts. The action-angle coordinates before and after the
impact will be related by A.
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Liouville—Arnol'd theorem

Theorem (Liouville—Arnol'd)

Let fi,...,f, be independent functions in involution (i.e., {f;, fi} =0 Vi, j)
on a symplectic manifold (M?",w). Let My = {x € M | f; = A\;} be a
regular level set.

@ Any compact connected component of My is diffeomorphic to T".
® On a neighborhood of M there are coordinates (', J;) such that

w=dy¢' AdJ;,
and f; = fi(J1,...,Jn), so the Hamiltonian vector fields read

of; 0
= 00
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Liouville—Arnol'd theorem

Corollary

Let (M?",w, h) be a Hamiltonian system. Suppose that fi, ..., f, are
independent conserved quantities (i.e. Xp(f;) =0 Vi) in involution. Then,
on a neighborhood of M) there are Darboux coordinates (¢', J;) such that
H = H(4,...,Jn), so the Hamiltonian dynamics are given by

de’  9H 0
dt 0J; 890"’
dJi

a O

Hybrid dynamical systems Geometrical aspects of material modelling 26



Liouville—Arnol'd theorem
00000

Definition
Let (M, S, X, A) be a hybrid dynamical system. A function f: M — R is
called a generalized hybrid constant of the motion if
@ Xf =0,
® For each connected component C C S and each a € Im f, there exists
a b € Imf such that

A (flc7M(a)) S F71(b).

In particular, f is called a hybrid constant of the motion if, in addition,
b = a for each a € Im f.

Hybrid dynamical systems Geometrical aspects of material modelling 27



Liouville—Arnol'd theorem
00000

Definition
Let @ be an n-dimensional manifold. A completely integrable hybrid
Hamiltonian system is a 5-tuple
(T*Q, S, Xy, A, F), formed by a hybrid Hamiltonian system
(T*Q, S, Xy, A), together with a function F = (fi,...,f;): T"Q — R"
such that:

@ rank T,F=n ae,

@® the functions fi, ..., f, are generalized hybrid constant of the motion

© {fi,fi} =Xe(fi)=0 Vije{l,...,n}
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Theorem (L. G. and Colombo, 2024)

Consider a completely integrable hybrid Hamiltonian system

(T*Q, S, Xy, A), with F = (f1,...,f,), where n = dim Q. Let M be a
regular level set of F. Then:

@ For each regular level set My and each connected component C C S,
there exists a N' € R" such that A(Mp N C) C My = F~Y(N).
@® On a neighbourhood Uy of M) there are coordinates (', s;) s.t.
O wo = do’ Ads;,

@ the action coordinates s; are functions depending only on the integrals
fyoey b,

© the continuous part hybrid dynamics are given by
@' =Q(s1,...,5n), 5=0.

@ In these coordinates, for each connected component C C S, the impact

map reads A: (o' ,s7) € MAN C— (¢!, s7) € Mp, where
sf, ..., s are functions depending only on s ,...,s, .
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Rolling disk with a harmonic potential hitting fixed walls

® Consider the example from before with the addition of an oscillatory
potential to the Hamiltonian function:

1 2 2 2 1 202 2
H=o_(p+p)+ Py + 5 (X" + 7).

2mk?
® Recall that the switching surface is S = C; U Gy, where
2

k
Cl = {<X7 R')Hapxap}MRpX) |X7pX7py ERa 0 esl} )

k2
C2: {(Xah_R707PX7py7RpX> |X7pX7py ERv 9681} )
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Rolling disk with a harmonic potential hitting fixed walls

and the impact map A: § — T*Q is given by

- R?p; + k*Rp, _ Rpx + k°p,
(pxapyape)'_)< k2+R2 7_epy7 k2+R2 .

Hybrid dynamical systems Geometrical aspects of material modelling
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Rolling disk with a harmonic potential hitting fixed walls

® For simplicity's sake, let us hereafter take m=R=k=Q = 1.
® The functions

P2+ x> Pty Pi

fl = T; f2 = Ta

are conserved quantities with respect to the Hamiltonian dynamics of
H.

® Moreover, {f;,f;} =0 and dfi Adfr, Adfz #0 a.e.
o Let F=(f,h,R): T*(R? xS) — R3.

® It is clear that, for A # 0, the level sets F~1(A) are diffeomorphic to
SxS xR.
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Rolling disk with a harmonic potential hitting fixed walls

® |n the intersection of their domains of definition, the functions

0
¢! = arctan (X> . ¢* = arctan 4 . = —
Px Py Po

are coordinates on each level set F~1(A) for A # 0.
e Additionally, wg = d¢' A df.

® |n these coordinates, the Hamiltonian function reads
H=h+hHh+H.

® Hence, its Hamiltonian vector field is simply

_ 0,0 9
T 09l T 042 " 093
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Rolling disk with a harmonic potential hitting fixed walls

® In the action-angle coordinates (¢', ;), the connected components of
the impact surface read

; _ 2k*f cos? ¢l
G = {(éf),fi) | 2frsin* ¢* = R* and 5 = W} ;

- _ 2k*f cos? ¢t
czz{(¢',f,-) | 2fysin? ¢* = (h— R)? and f3=1R2¢}-
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Rolling disk with a harmonic potential hitting fixed walls

® The relations between the coordinates before, (¢’

", f7), and after,
(¢, £;1), are

tan ¢2.
R & S BRCES

Fr=f, f=eh+ 15222 i =f,

where a = R or a = h — R depending on the wall where the impact
takes place.
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Hamilton — Jacobi equation

Consider a Hamiltonian function h: T*@Q — R. Given a closed one-form
v € Q1(Q), the following assertions are equivalent:

@ 7 is a solution of the Hamilton —Jacobi (HJ) equation
v*dh =0,
® the following diagram is commutative:

TQ — L TT*Q

o[ | Tr| )T

_—
Q X TQ
©® c: | CR — Q integral curve of X, = 7 o ¢ integral curve of Xj;
O X, is tangent to Im~.

Hybrid dynamical systems Geometrical aspects of material modelling
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Hybrid HJ equation

Definition
Let 54, = (T*Q, X, S, A) be a hybrid Hamiltonian system. A solution of
the Hamilton — Jacobi (HJ) problem for J#; is a sequence {~;}; of
closed one-forms 7; € Q(Q) such that:

@ cach v; is a solution of the HJ equation for h, namely, v7dh = 0;

@® they satisfy the compatibility condition

Im(A o) ClIm~yiqq.
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Hybrid HJ equation

Theorem (Clark, 2020)

Consider a hybrid Hamiltonian system ¢ = (M, Xy, S, A). Let {v}; be

a sequence of closed one-forms ~y; € Q1(Q). Then, the following
statements are equivalent:

@ The sequence {v;}; is a solution of the hybrid HJ problem for ;.

® For every continuous and piecewise smooth curve c: R — @ s.t.
@ c intersects mo(S) at {t;};,
@ c satisfies the equations

é(t): T’iTQOXHO’Y,'OC(t), ti <t <tiy,
Yit1 © €(tit1) = A oo c(tiy),

the curve ¢: R — T*Q given by &(t) = ;o c(t) for t € [t;, tiy1) is an
integral curve of the hybrid dynamics.
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Example: Rolling disk hitting walls

® Consider the example from the reduction section:

1
H=_—(pi+p))+—>pi,

2m 2mk?
C1={(x,¥,9, px; Py, ps) | ¥y = R, px = Rpy/k? and p, < 0},
Co = {(x, .9, px, Py Ps) | y = h— R, px = Rpy/k* and p, > 0},

o R’p, + Rpy _ oRpx +py
A <px7py7p9>'_>< k2+R2 ,_epyuk k2+R2 .
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Example: Rolling disk hitting walls

® A general solution of the HJ equation for H is
vi = aijdx + bidy + c¢;dy,

where a;, b;, ¢; are constants.

® The relation between these constants before and after an impact is
determined by the compatibility condition:

R2a,- + Rc; K2 Ra; + ¢

aj+1 = W, biy1 = —eb;, and ¢j11 = m

® The initial values (ap, by, cp) correspond with the initial values
(px(0), p,(0), py(0)) of the momenta at time zero.
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Example: Rolling disk hitting walls

® Each one-form ~; determines a Lagrangian submanifold of
T*(R2 X Sl), namely,

Imvi = {(X,y,ﬁ,Px,Py,Pﬁ) € T*(R2 X Sl) ’ Px = dj, Py = bi’ Py = Ci}
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Theorem (Ohsawa and Bloch, 2009)

Assume that D is a completely nonholonomic distribution, that is,
TQ=({D,[D,D),[D,[D,D]],...}) .

Let v be a one-form on Q such that Im~ C C and dy(v,w) = 0 for any
v,w € ['(D). Then, the following statements are equivalent:

@ For every integral curve ¢ of Tmg o Xy oy, the curve yo c is an
integral curve of X,r_‘,h.

® The one-form ~y satisfies the nonholonomic Hamilton—Jacobi equation:

Ho~v=E,

where E is a constant.

Hybrid dynamical systems Geometrical aspects of material modelling 42



Hamilton —Jacobi theory
[e]ele]e] To]

Definition

Let h: T*Q — R be a Hamiltonian function and D C T® a nonholonomic
distribution. A hybrid system (T*Q, X2, S, A) is called a nonholonomic
hybrid system and denoted by J4y,.
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A sequence {v;}; of one-forms ; € Q(Uy) is called a solution of the
hybrid Hamilton—Jacobi problem for 77, if, for each index i,

@ Im~; C C =b,(D),
@® dvi(v,w) =0 for each v,w € (D),
© 7; is a solution of the nonholonomic HJ equation, namely,

Honi=Ei;
@ the compatibility condition is satisfied:

Im(Ao;) ClImyigr.

Hybrid dynamical systems Geometrical aspects of material modelling 44



Arnol'd theorem Hamilton —Jacobi theory
000080

Theorem (Colombo, de Ledn, Eyrea Irazi, and L. G., 2024)

Consider a hybrid nonholonomic system #;y, = (T*Q, X}, S, A) with
underlying nonholonomic Hamiltonian system (Q, H, C). Let {~;}; be a
sequence of one-forms 7y, € Q(Uy) such that Im~, C C and
dvk(v,w) = 0 for each v,w € (D). Then, the following statements are
equivalent:
@ The sequence {~;}; is a solution of the hybrid HJ equation for F,y,.
® For every continuous and piecewise curve c: R — @ such that

@ c intersects mo(S) at {tk}«,
@® c satisfies the equations

¢(t) =Trmgo Xf_}h o vk o ¢(t), tk < t < tpat,

Yit1 © C(trr1) = Aok o c(tur1),

then the curve ¢: R — C given by &(t) = vk o c(t) for t € [tk, tk+1)
is an integral curve of the hybrid dynamics.

Hybrid dynamical systems Geometrical aspects of material modelling
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Example: the generalized rigid body

® Consider a mechanical system with a Lie group as configuration
space, namely Q = G.

® | et g denote the Lie algebra of G and g* its dual.

® |ts Lagrangian is the left-invariant function L: TG~ G xg— R
given by L(g, vg) = £(g 1vg), where £: g — R is the reduced
Lagrangian, defined by

() = 36,

for &€ = (¢4,...,€") € g, where [;; are the components of the
(positive-definite and symmetric) inertia tensor I: g — g*.
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Example: the generalized rigid body

® The Hamiltonian function H: G x g* — R is
1 ..
H = 5’”77:‘ 1,

where /7 are the components of the inverse of I, and
n= (7717"'777”) € g*

® The constrained generalized rigid body is subject to the left-invariant
nonholonomic constraint

D, ={(g.:©) € Gxal (&) =pme =0},

where = (p1, ..., 1n) is a fixed element of g* and (-, -) denotes the
natural pairing between a Lie algebra and its dual.
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Example: the generalized rigid body

® The associated codistribution is
Cu={(g.;m) € G xg" | milu; = 0}.

® A solution of the nonholonomic HJ problem is a one-form
v: G = G xg*, g (g7(8),--,7n(g)) satisfying

1 ..
HO’)/ZE/U’}/,")/J':E,

dypxp =0.

® Hereinafter, consider the lie group G = SO(3).
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Example: the generalized rigid body

® Let {e1, e, €3} be the canonical basis of 50(3) ~ R3, whose Lie
brackets are

e, @] =e3, [e,&3]=—e, [ee3]=e1,

and let {e!, e, €3} be its dual basis.

® For simplicity's sake, assume that
]I:Ie1®e1+lez®e2+le3®e3,
and thus

1
Hg.n) = 55 (1 +1B +13) -
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Example: the generalized rigid body

® The nonholonomic distribution is given by
D, = {(g:€) €50(3) x s0(3) | ¢’ = 0}
= ({oer — pie2, pzer — pes})
® A solution of the HJ problem is given by

H3A2 — 121 &2 H2A2 — [1[13A1 &3

v =Mel +
115 + 113 15 + 113

I

where \y = i\/2EI2 (13 + 1) — N2 (42 + p3 + p13).

® The Euler angles (a, 8, ¢) can be used as a coordinate system for
SO(3).
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® The switching surface is the codimension-1 submanifold S of
SO(3) x so0(3)* given by

S= {(047/37%77177727773) S SO(3) X 50(3)* | Q= O} .
® The impact map A: S — SO(3) x s0(3)* is
A (O7B7 90777177727773) — (07/87§07€TI1777277I3) )

for s constant ¢.

® |et v~ and v" denote the solutions to the Hamilton—Jacobi equation
before and after the impact, respectively, where

13N5 — p1pe AT &2 (23 — [ s\ o3
13+ 13 13+ 13
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Example: the generalized rigid body

® Then,
)\f:zs)\l_,
A=A+ (e - )P
M3
A=A+ (e - )P
H2

which has solutions if u3 = dug or if e = 1.
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