On the stability of contact Hamiltonian systems

Asier Lopez-Gorddn

Institute of Mathematical Sciences (ICMAT), CSIC, Madrid, Spain

Joint work with Javier de Lucas and Bartosz M. Zawora

Winter Meeting on Geometry, Dynamics and Field Theory

Financially supported by Grants CEX2019-000904-S,
PI1D2022-137909NB-C21 and RED2022-134301-T,
funded by MCIN/AEI/10.13039/501100011033

"CSIC

INSTITUTO DE CIENCIAS MATEMATICAS

On the stability of contact Hamiltonian systems Winter Meeting 2024 1



Outline of the presentation

@ Introduction

@® Contact Hamiltonian systems

© Stability

@ Inverse problem

On the stability of contact Hamiltonian systems Winter Meeting 2024 2



Introduction
®0

Stability of Hamiltonian systems

® Symplectic geometry is the natural framework for classical mechanics.

® Recall that symplectic manifold is a pair (M, w), where M is a
manifold and w is a 2-form on M such that dw = 0 and
TM 3 v ,w e T*M is an isomorphism.

® Given a function h on M, its Hamiltonian vector field X}, is given by

tx,w = dh.
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Stability of Hamiltonian systems

® |n some cases, the stability properties of Xj, can be studied by
analyzing the maxima and minima of h.

® This method is based on the fact that h is a conserved quantity w.r.t.
Xn, namely, Xp(h) = 0.

® As we will see, analogue techniques do not make sense for contact
Hamiltonian systems, since their Hamiltonian functions are not, in
general, conserved quantities.
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Why contact Hamiltonian systems?

® While (symplectic) Hamiltonian dynamics is conservative, contact
Hamiltonian dynamics permits modeling certain dissipative systems.

® Certain dynamical systems on an odd-dimensional manifolds can be
regarded as a contact Hamiltonian vector field.
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Why contact Hamiltonian systems?

® While (symplectic) Hamiltonian dynamics is conservative, contact
Hamiltonian dynamics permits modeling certain dissipative systems.

® Certain dynamical systems on an odd-dimensional manifolds can be
regarded as a contact Hamiltonian vector field.

® Around a point where x € M such that X(x) # 0, every vector field
X on an even-dimensional manifold is locally a Hamiltonian vector
field with respect to some symplectic form. However, this is not
necessarily the case if X(x) = 0.
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Why contact Hamiltonian systems?

® While (symplectic) Hamiltonian dynamics is conservative, contact
Hamiltonian dynamics permits modeling certain dissipative systems.

® Certain dynamical systems on an odd-dimensional manifolds can be
regarded as a contact Hamiltonian vector field.

® Around a point where x € M such that X(x) # 0, every vector field
X on an even-dimensional manifold is locally a Hamiltonian vector
field with respect to some symplectic form. However, this is not
necessarily the case if X(x) = 0.

® For instance, X = xa% —i—ya% is not Hamiltonian w.r.t. any
symplectic form on R?, but it is a contact Hamiltonian vector field
w.r.t. a contact form in R3.
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Contact geometry

Definition
A (co-oriented) contact manifold is a pair (M, n), where M is an

(2n 4 1)-dimensional manifold and 7 is a 1-form on M such that n A (dn)”
is a volume form.

® The contact form n defines an isomorphism
b: X(M) — QY(M)
X = uxdn +n(X)n,

® There exists a unique vector field R on (M, n), called the Reeb
vector field, such that b(R) = 7, that is,

trdn =0, tgn=1.
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Contact geometry

® The Hamiltonian vector field of f € C°°(M) is given by
(Xe) = df — (R(F)+ ),

® Around each point on M there exist Darboux coordinates (q', p;, 2)

such that
n=dz— pdq’,
P
R= .
_of D _<8f+ '8f> 0 +(.8f_f>8
= opoqg  \oqg  Paz)ap " \Pop; oz
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Contact Hamiltonian systems

Definition

A contact Hamiltonian system is a triple (M, 7, h) formed by a contact
manifold (M, n) and a Hamiltonian function h € C*(M).

® The dynamics of (M, n, h) is determined by the integral curves of the
Hamiltonian vector field Xp, of h w.r.t. 0.
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Contact Hamiltonian systems
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Contact Hamiltonian systems

® In Darboux coordinates, these curves c(t) = (q(t), pi(t), z(t)) are
determined by the contact Hamilton equations:

dq'(t Oh

dg ) - opi °c(®)
dpi(t)  0Oh . Oh

) = o oc(t) + ple) g o c(0),
dz(t Oh

d(t ) = pi(t)ap; oc(t)—hoc(t).
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Contact Hamiltonian systems
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Dissipated quantities

® |n contact Hamiltonian dynamics dissipated quantities are akin to
conserved quantities in symplectic dynamics.

® Energy (Hamiltonian function) is no longer conserved, but dissipated
in a certain manner:
Xn(h) = —=R(h)h.
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Dissipated quantities

Let

Then Xu(h) = —kh, so

Example (linear dissipation)

2
M=R3 n=dz- pdg, h:%+V(q)+/{z.

hoc(t)=e "*hoc(0),

along an integral curve ¢ of X.
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Contact Hamiltonian systems
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Dissipated quantities

Definition

Let (M, n, h) be a contact Hamiltonian system. A dissipated quantity is
a solution f € C*°(M) to the PDE

Xn(F) = —R(h)f .

® Noether's theorem: symmetries <> dissipated quantities.

On the stability of contact Hamiltonian systems Winter Meeting 2024 12



Stability
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Equilibrium points

® | et M be an n-dimensional manifold

® The solutions of the system of ODEs
% = X'(x), i=1,...,n,

are the integral curves of the vector field X = X"a’i,.

¢ An equilibrium point is a point x, € M such that X(x.) = 0.
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Stable equilibrium points

If M =1R", an equilibrium point x, of
ALY X is called stable if, for every ty €
" R and any ball B, ., there exists a
| ball Bs(c) x.» such that every integral
curve x(t) of X with x(to) € Bs(e) .
satisfies that x(t) € B, for all times

:b;&-,‘),x: t > to.
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Asymptotically stable equilibrium points

.BT “.),

x(&) * An equilibrium point x. € R” is
asymptotically stable if x. is stable
and there exists an open neighbour-

Xt .
- hood B, ., of xe such that every in-
(]

tegral curve x(t) of X with some ty
satisfying x(tp) € By x, converges to
Xe.
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How to extend this to manifolds?

® The existence of partitions of unity implies that every differentiable

manifold can be endowed with a Riemannian metric induced by the
Euclidean metric.

® Moreover, the topology induced by the Riemannian metric coincides
with the topology of the manifold.
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How to extend this to manifolds?

® The existence of partitions of unity implies that every differentiable
manifold can be endowed with a Riemannian metric induced by the
Euclidean metric.

® Moreover, the topology induced by the Riemannian metric coincides
with the topology of the manifold.

® This implies that a coordinate neighbourhood U is homeomorphic to
an open subset in R” with the Euclidean norm.

® We will identify balls in R” with the neighbourhoods in U to which
they are homeomorphic.
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Lyapunov functions

Let X € X(M) be a vector field such that X(xo) = 0. If there exists a

function V : U — R, defined on some open neighbourhood U of xy such
that

® V(xo)=0and V(x)>0forxe U\ {x},
® V(x)=(XV)(x) <0 forxe U\ {x},

then xg is stable. If additionally V(x) < 0 for x € U\ {xo}, then xo is
asymptotically stable.

On the stability of contact Hamiltonian systems Winter Meeting 2024 17



Stability
0000800000000

Lyapunov functions

Definition
A function V: U — R satisfying D and ) is called a Lyapunov
function. If V(x) < 0 for x € U\ {x0}, the function V is called a strict

Lyapunov function.
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Dissipated quantities and stability

Proposition (de Lucas, L.-G., Zawora)

Let (M,n, h) be a contact Hamiltonian system such that Xu(xp) = 0.
Suppose that fi,. .., f, are dissipated quantities. If (Rh)(xp) > 0 at an
isolated point xg € ﬂf‘zl f,-*l(O), then xg is asymptotically stable.
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Dissipated quantities and stability

Proposition (de Lucas, L.-G., Zawora)

Let (M,n, h) be a contact Hamiltonian system such that Xu(xp) = 0.
Suppose that fi,. .., f, are dissipated quantities. If (Rh)(xp) > 0 at an
isolated point xg € ﬂf‘zl f,-*l(O), then xg is asymptotically stable.

There exists a neighbourhood U of xp where Rh > 0 and such that
N, f71(0) N U = {x0}. By construction,

K
V:XEUHZf,?(X)ER
i=1

is a strict Lyapunov function.
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* Consider the contact Hamiltonian system (R3,7, h), with

2 2
P q
n z—pdqg, h 5 + > +z
® The Hamiltonian vector field of h is
0 0 P> q° 0
X, = p— — T . Y

which vanishes at 0.

® The function f = z — B is a dissipated quantity.

® We have that h~1(0) N f~1(0) = {0}.

e Since Rh = 1 everywhere (in particular, Rh(0) > 0), it follows that 0
is an asymptotically stable equilibrium point of Xj,.
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Necessary condition for being an isolated point

Proposition

Let f1,...,fx € C*°(M) be such that fi(xo) =0 fori=1,..., k and
dim M > k + 1. If xo is an isolated point of (*_; £, 1(0), then

dfyl A+ Adfil,, =0.
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Necessary condition for being an isolated point

Suppose that dfi|, A--- Adfi[, # 0. Then, on some neighbourhood U of
xo, the map ®: U > x + (f(x), ..., f(x)) € R¥ is regular, and hence
dfi|y A--- Adfi|y # 0. Thus,

o~ 10)=f10)n G HO)N---NEHO) N U

is a k-codimensional submanifold and xp is not an isolated point of
Nic1 f(0). u
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Sufficient condition for being an isolated point

Proposition

Let fi,...,fx € C°(M) with k < n be such that fi(xo) =0Vi=1,...,k,
and dim(dfj|, ) = k — 1. W.l.o.g., assume that dfi|,,...,dfx_1l,, are
linearly independent. If g = fi + M1 + -+ + Ak_1fk_1, where

A1, ..., A\k_1 are Lagrange multipliers, has a strict minimum or maximum
at xo, then xo is an isolated point of N%_; £, "1(0).
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Sufficient condition for being an isolated point

By construction, g(xp) = 0. If xo is a constrained local strict minimum or
maximum of g, then there exists a neighbourhood U of xp in

f71(0) N ... N £_%(0) such that g(x) # 0 for all x € U\ {xo}.
Consequently, fi(x), ..., fx(x) cannot vanish simultaneously at any

x € U\{x0}. We conclude that

k
N 10N U = {x}
i=1

for any open subset U in M such that UN ﬂf‘;ll f,-_l(O) = U. O
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Theorem (de Lucas, L.-G., Zawora)

Let (M,n, h) be a contact Hamiltonian system and let xo be an
equilibrium point of Xy,. Suppose that fi, ..., fx € C>°(M) are dissipated
quantities for Xy, such that fi(xp) =0 fori =1,...,k, and
dim(dfi[,,...,dfk[,,) = k —1. W.lo.g, assume that dfi|,,...,dfx_1],,
are linearly independent. If the function g = f + A\1fi + -+ + A_1fx_1,
where A1, ..., \_1 are Lagrange multipliers, has a strict minimum or
maximum at xg, then xg is asymptotically stable.
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Computation of the Lagrange multipliers

Since dfi|,,-
one has that

..,dfx_1], are indep., and dim(dfy|, ,...,dfk =k—1,
X0 X0 X0

k—1
dfil,, = — > Aidfil,,
i=1
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Conditions for being an equilibrium point

Proposition

Let (M,n, h) be a contact Hamiltonian system. Then, xo € M is an
equilibrium point of (M, n, h) if and only if h(xg) = 0 and dh[kerm0 =0.
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Combining the previous Theorem and Proposition, we have the following.

Proposition (de Lucas, L.-G., Zawora)

Let (M,n, h) be a contact Hamiltonian system and f € C*>°(M) a
dissipated quantity. Consider an equilibrium point xo € M such that

® f(x) =0, df|, #0
® df|, +Adh|, =0,

© xo is a strict maximum or minimum of the function f = f + \h.

Then, xg is an asymptotically stable equilibrium point of Xj.
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The inverse problem for contact Hamiltonian systems

Given a vector field X on a (2n+ 1)-dimensional manifold M, does it exist
a (local) contact form 7 on M such that X is (locally) a Hamiltonian
vector field w.r.t. n?
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The inverse problem outside of zeroes

® In a neighbourhood U of a point x € M where X(x) # 0 this is
always the case.

® Indeed, we can choose coordinates (x!,...,x" y1,...,¥n,2) in U
such that X = %.

® n=dz— ydx' € QY(U) is a contact form on U.
® Moreover, X = R is the Reeb vector field of n

® |n other words, X = X, is the Hamiltonian vector field of h = —1.
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Example
® The SIR epidemiological model can be described by the vector field

_BIS0 (8IS NO 0
X = N 85+< N ’yl) al—i—’ylaRE?€(]R+),

where S,/ and R denote the susceptible, infected and recovered (or

deceased) population, respectively.

e |t is well-known that the total population N: =S+ /+ R is
conserved, i.e., X(N) = 0.

® The function g =S+ — % is also conserved.

e X = ? is the Reeb vector field of n = ds — Ndg, where

- N
5:—/ dS:—/—dS
55 (g — 5 + Es3) i
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The inverse problem around an equilibrium point

® In a neighbourhood U of xg € M such that X(xg) = 0 the problem
becomes highly non-trivial, since we can lo longer make of the

straightening theorem.

® More precisely, our open problem is as follows.
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The inverse problem around an equilibrium point

Consider a linear vector field on R3, namely,
3 3 )
X = kX’i 5

where kj; are constants and (x') are the canonical coordinates. Does it
exist a contact form ) € Q*(U) on a neighbourhood U > 0 such that X is
a Hamiltonian vector field w.r.t. n?
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So far we only know the answer in some particular cases, such as the
following:
o |f X = kx%, 7 contact form making X a contact Hamiltonian vector
field.
o If X = klxa% + k2ya% + k3% and ki, ko, k3 > 0 (or < 0), # contact
form making X a contact Hamiltonian vector field.
o X =X, = Xa% + y% is the contact Hamiltonian vector field of
h=—x—zy w.rt. n = dx + zdy + yzdz.
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