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Introduction

¢ Hybrid systems are dynamical systems with continuous-time and
discrete-time components on its dynamics.

© They can be used to model mechanical systems with collisions.

® In the control community, simple hybrid systems have been mainly
employed for the understanding of locomotion gaits in bipeds and
insects.

® In our case, the continuous dynamics will be the one corresponding to
a forced mechanical system.

o External forces appear in many dynamical systems:

¢ systems with dissipation or friction,
© control forces,
© nonholonomic Caplygin systems.
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Forced Hamilton equations

© As it is well-known, T*Q is endowed with a canonical symplectic form
wg = —dfg, where g = p;dg’ in Darboux coordinates.
© A forced Hamiltonian system is a triple (Q, H, ), where
© @ is an n-dimensional differentiable manifold,
° H: T*Q — R is a Hamiltonian function, and
® ais a semibasic 1-form on T*Q (i.e., a(X) =0V X € V(T*Q)).

¢ The forced Hamiltonian vector field X, , is given by
LXy o WQ = dH + «.

© lIts integral curves satisfy the forced Hamilton equations:

A _on
dt 6p,~’
dpi  OH

it ag
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Simple hybrid systems

© A simple hybrid system is a tuple 7 = (D, X, S, A), where:

¢ D is a smooth manifold, called the domain, where the dynamics evolve,

¢ X is a smooth vector field on D, representing the dynamics,

© S is an embedded submanifold of D with co-dimension 1, called the
switching surface, which can be thought of as the wall where the
impact takes place,

® A:S — Dis a smooth embedding, called the impact map, which
represents the dynamics at the instant of the impact.

¢ Its dynamics are given by:

{ﬁ(t) =X(v(t), )¢S,
YHE) =AMy (1) v (t) €S,

where 7= (t) = Iimix(T).
T—t
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Simple hybrid forced Hamiltonian systems

© A simple hybrid system is a simple hybrid forced Hamiltonian
system if it is of the form 7 = (T*Q, Xy,o, S, A), where Xy , is the
dynamical vector field of the forced Hamiltonian system (Q, H, F).
© Suppose that H(q, p) = ||p||f7 + V(q) , where || - || denotes the norm
at T7Q defined by a pseudo-Riemannian metric on Q.
® Given a smooth constraint function h: @ — R with regular value 0,
we can construct a domain, a switching surface and an impact map
explicitly explicitly:
¢ D={(q.p) € T*Q: h(q) = 0},
© S={(q.p) € T*Q: h(q) =0, ((p,dhg)), = 0},
© A(q,p) = (g, P(q,p)), where

P(.p)=p—(1+ e)%dhq,

and e is the elastic constant.

Asier Lépez-Gordén (ICMAT-CSIC) Reduction of hybrid forced systems Summer School GMC 2022 5/19



Introduction Simple hybrid systems Reduction of forced hybrid systems Examples References

00 00 90000 00 [©]

Cotangent action and momentum map

Consider a free and proper Lie group action ®: G x Q@ — Q.

Let g be the Lie algebra of G and g* its dual.

The cotangent lift of this action is given by
®T?: (g,(q,p)) = (T*Pg-1(q, p)).
®T"Q admits an Ad*-equivariant momentum map

J:T°Q — g¢*
J(ag)(€) = aq(£q(9))
Here £ is the infinitesimal generator of the action of £ € g on Q:

d

o= o
Q dt exp t§ =0
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Consider a forced simple hybrid forced Hamiltonian system
H = (T*Q, XH,a, SH, An) and a Lie group action ®: G x Q = Q
such that

H is invariant under ®T°Q je. Ho®T @ = H,

®T"Q restricts to an action of G on Sy,

Ay is equivariant with respect to the previous action, namely

T* T
Apod] Qs,=dT oAy

A momentum map J will be called a generalized hybrid momentum
map for 7 if, for each regular value p_ of J,

Ay (Jsh(p)) € I (),

for some regular value 4.

In other words, for every point in the switching surface such that the
momentum before the impact takes a value of y_, the momentum
will take a value p after the impact.
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¢ Consider a regular value p; of J. Let G, denote the isotropy
subgroup in u; under the co-adjoint action.

If Ay is equivariant with respect to ®T"Q and p1, po are regular values
of J such that Ay (J|5r(11)) C I~ (12), then Gy, = G,

¢ Suppose that H and « are G-invariant and assume that J is a
generalized hybrid momentum map.

© Consider a sequence {yu;} of regular values of J, such that
Ay (J5h (i) € I (pisa).
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@ Each reduced space is a symplectic manifold (M,,;,w,,), where
My, = J (ui)/ Gy and 0y, = i wo.
@ H and « induce a reduced forced Hamiltonian system (Hy;, ;) on

M,;, given by Hy, om,, = Ho iy, and 7, o, = iy, .

@ Jo |§: (1) C Sy reduces to a submanifold of the reduced space

(SH)u C Jojl(,ui)/GMO'
@ Ay -1, reduces to a map (An)y,; : (SH)u — Jot (1iv1)/ Guy-
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Therefore, after the reduction procedure, we get a sequence of reduced
simple hybrid forced Hamiltonian systems {72/}, where

AL = (Jojl(lu’i)/GMOﬂ XHpi,au,’ (SH)NH (AH)M)'

—1, —1, BHU ) )
C o () e Jalg, () —— Jo (pi1) — -
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Rolling disk with dissipation hitting fixed walls |

¢ Consider a homogeneous circular disk of radius R and unit mass
moving in the vertical plane xOy. Let (x,y) be the coordinates of the
centre of the disk and ¢ the angle between a point of the disk and
the axis Oy.

¢ The dynamics of the disk is determined by the forced Hamiltonian
system (R? x S, H, o), where

1o o I 5
H= 5 <Px +Py) T 5aPe

a = —2c(pxxy — pyx?)dx + 2¢(pyxy — pxy?)dy,
subject to the nonholonomic constraint of rolling without sliding,
namely, py = ﬁp‘P'
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Rolling disk with dissipation hitting fixed walls Il

* Consider the Lie group action of St x S on Q given by
(x,y,¢) — (cost1 x —sinyhy y,sinyhy x + cos1 y, ¢ + 12).

® Note that H and « are invariant under the lifted action on
T*(R? x S!). The corresponding momentum map is

J(X, ¥, 0, Pxs Py, Pp) = (XPy — YPx, Pp)-

© Suppose that there are two rough walls at the axis y = 0 and at
y = h, where h = aR for some constant o > 1.

® When the disk hits one of the walls, the impact map is given by

R’p; + k*Rp, Rpx + kp,
. - - - ® . X Ld
A: (pxapy7p<p>'_)( k2+R2 ’_py’ k2—|-R2 ’
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Rolling disk with dissipation hitting fixed walls Il

© One can check that J is a generalized hybrid momentum map but not
a hybrid momentum map, i.e., J(q1,p; ) = J(q2, p, ) implies that
J(a1,p{) = J(az,p3) but J(q1,py") # J(q1. 1) -

* In polar coordinates, J(r, pr, 0, po, p, pp) = (r*py, p,)

 Let (uuy,p5 ) and (u7, 13) be the value of the momentum map
before and after the impact, respectively.

¢ We can write p(;t = ,uli/r2 and pf; = uzi, so the reduced switching
map is
- 2 - . H1
p, +— (2cos“ 0 —1)p, — 2rsm6cosﬁﬁ,

with the relations
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Rolling disk with dissipation hitting fixed walls IV

® The reduced switching surface can be written as

Stuuz) = 1(rspr)lrsing = Ror rsing = h— R,
and p,cosp — r% sinp = Ry,

for some ¢ € [0,2m)}.

Asier Lépez-Gordén (ICMAT-CSIC) Reduction of hybrid forced systems Summer School GMC 2022 14 /19



Introduction Simple hybrid systems Reduction of forced hybrid systems Examples References
[e]e] [e]e] 00000 oe [©]

Billiard with dissipation |

© Consider a particle in the plane which is free to move inside the
surface defined by x> + y2 =1, i.e., h(x,y) = x> + y?> — 1.

¢ The Hamiltonian of the system is H(x,y, px, py) = l(pX + py) and
the external force is a = 2c(pxxy — pyx?)dx — 2c(pyxy — pxy?)dy.

* In polar coordinates, H(6, r, pg, py) = 2(p? + r>p3) and
a0, r, py, pr) = —2cr3pydr.

* Clearly, J(r,pr,0,pg) = r’pp is preserved.

© Suppose that an elastic impact (e = 1) occurs at
S={x®>+y?=1, xpx +yp, >0}

¢ We conclude that p;” = —p; and p; =py-
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-~ Numerical solution

0 H 10 15 20 25 20 35 -10 -05 0.0 05 10

Figure: Simulation for ¢ = 2. The first figure corresponds with the reduced
trajectory while the second figure with the reconstructed solution.

We acknowledge Manuela Gamonal for her help with the numerical simulations.
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Figure: Simulation for ¢ = 0.20. The first figure corresponds with the reduced
trajectory while the second figure with the reconstructed solution.

Asier Lépez-Gordén (ICMAT-CSIC) Reduction of hybrid forced systems Summer School GMC 2022 17 /19



Introduction Simple hybrid systems Reduction of forced hybrid systems Examples References

Q0 [©]

Main references

L. J. Colombo, M. de Ledn, M. E. Eyrea Irazi, and A. Lépez-Gordodn,
Generalized hybrid momentum maps and reduction by symmetries of
forced mechanical systems with inelastic collisions, 't 16 2000
arXiv: 2112.02573 [eess.SY].

M. de Leon, M. Lainz, and A. Lopez-Gordon, “Symmetries, constants
of the motion, and reduction of mechanical systems with external
forces,” J. Math. Phys., vol. 62, no. 4, p. 042901, Apr. 1, 2021.

A. Ibort, M. de Ledn, E. A. Lacomba, D. Martin de Diego, and
P Pitanga, “Mechanical systems subjected to impulsive constraints,”
J. Phys. A: Math. Gen., vol. 30, no. 16, pp. 5835-5854, Aug. 21,
1997.

Asier Lépez-Gordén (ICMAT-CSIC) Reduction of hybrid forced systems Summer School GMC 2022 18/19


http://arxiv.org/abs/2112.02573

roduction Simple hybrid systems on of forced hybrid systems Examples References

Q0 [

Thank you!

DA asier.lopez@icmat.es

@ www.alopezgordon.xyz
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