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The interest of gradings

There are several scenarios in geometry and physics in which a
(N,Z,Z>,R ...)grading appears:

e the algebra of exterior forms with the exterior product (Q’(M), /\),
e the spin of particles,

® intensive/extensive variables in thermodynamics,

e symplectisation/Poissonisation of contact/Jacobi manifolds,
e supermanifolds,

® higher tangent bundles.




Theorem (Euler)

Let f: R" — R be a differentiable function, and k an integer. The following
assertions are equivalent:

@ f(t-x)=tfx), VteR\{0}, Vx €R",

n
@ f is an eigenfunction of X = ) x',, with eigenvalue k, namely
=1

Definition
A function f satisfying any of the equivalent conditions above is called
homogeneous of degree k or k-homogeneous.
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We can extend this notion to a manifold M" by considering a vector
field X € X(M) which is locally of the form

n
X = Z Xiaxf
i=1

in a certain atlas.




Definition

An (even) vector field ¥ on a (super)manifold M is called a weight
vector field if in a neighbourhood of every point of (the body of) M
there are coordinates (x?) such that

n
VZZWG'XGGXU, WQER

a=1

Such coordinates are called homogeneous coordinates, and the pair
(M, V) is called a homogeneity (super)manifold.
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Definition

Let (M, V) be a homogeneity (super)manifold and w € R. A tensor field
Aon M is called homogeneous of degree w or w-homogeneous if

LgA=w A.
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Example (Trivial)
The zero-section of the tangent bundle makes any (super)manifold a
homogeneity (super)manifold:

VvV =0.

This means that all the subsequent results | shall present still hold if
you forget the adjective “homogeneous”.




Example (Vector bundles)

Let m: £ — M be a vector bundle (VB). The Euler vector field
Ve € X(E), i.e. the infinitesimal generator of homotheties on the
fibers, is a weight vector field. In bundle coordinates,

(%) - (), V= Zy"aya.

a

Remark

The structure of VB on E is uniquely determined? by its structure of
manifold and a smooth action of the monoid (R, -) generated by V¢

9See Grabowski and Rotkiewicz, /. Geom. Phys. 59 (2009).

.
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Example (Exact symplectic manifolds)

Let (M, w) be a symplectic manifold. Then, the following statements
are equivalent:

@ wis exact, i.e. there exists a @ € Q' (M) such that w = d,
® there exists a Liouville vector field V € X(M) such that Lvw = .

In fact, since X(M) 3 X — ixw € Q"'(M) is an isomorphism, given 8
(resp. V), we can univocally define 6 (resp. V) by the relation

vw = 6.

The Liouville vector field is a weight vector field. Indeed, in Darboux
coordinates (q', p) for 6, we have

6 = pidg' — V = pidy, .
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Example (Blackhole thermodynamics)

In thermodynamics, one can regard extensive (resp. intensive)
variables as homogeneous of degree 1 (resp. 0).

“When gravity plays an important role the standard extensivity property of
thermodynamics does not hold; nevertheless, one can still find a form of
thermodynamics in which each thermodynamic variable follows a power
scaling law where the power can be different from one or zero, i.e., the
variables are allowed to be neither extensive nor intensive. Black hole
thermodynamics is the most evident and special thermodynamics
belonging to this framework.” Belgiorno, J. Math. Phys. 44 (2003).

In this context, weight vector fields with non-integer weights appear.
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Given a homogeneity manifold (M, V) and an open subset U C M, it is
important to distinguish two possible situations:

® V|, is nowhere zero,
@ there exists a point xg € M such that V(xg) = 0.




Proposition

Any nowhere-vanishing vector field X on a manifold M" is a weight vector
field. However, its weights are not canonical.

Proof.
Since X is nowhere zero, there exists an atlas with local coordinates
(x9) such that X = d,+. Forany I := {wx, ..., wp} C Rwithwy # 0, we
can define a new system of coordinates

1

l 3 ! .
yW:ewwxl yl:eW,XX/, Zg/gn,

SO that .
X = ZWO 'yaa)/a o

a=1
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On the other hand, in a neighbourhood of any point at which the
weight vector field vanishes, its weights are canonical.

Proposition (Grabowska and Grabowski, 2024)

An (even) vector field vV € X(M) is a weight vector field iff Tx,M is diagonal
atany xo € |M| such that V(xo) = 0. In that case, the weights of any
system of homogeneous coordinates around xq are the eigenvalues

WA, ..., Wy of the matrix (Ty,M).
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A supercrash course on supergeometry

Remark

| will not provide rigurous definitions of supermanifold, super
differential forms, etc. The next couple of slides merely intend to
provide the main ideas that | will be mentioning during my talk for
those in the audience unfamiliar? with the topic.

9Those of you who are well-acquainted with the topic, please accept my
superapologies.
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A supercrash course on supergeometry

e The superspace RP!9 has canonical coordinates
', ..., xP, &4, ., &%), where x are commuting and &
anti-commuting:

X/~Xj=Xj'Xf, X/'_gazga_xi, 60'6b:_6b'§a-

e Superroughly speaking, a (p|g)-dimensional supermanifold M is a
topological space that is locally isomorphic to RP19. There is an
associated p-dimensional manifold |M| called the body of M.

e |n this talk, I will be interested only in local coordinates, so we can
just think M = RP19 and | M| = RP.

e Smooth functions on M are polynomials on the anticommuting
variables & with functions on the commuting variables x as
coefficients, e.g. in RPI2 these are of the form

FO X ELED) = o)+ Fi) ET + o) E2 + a0 E - E2
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A supercrash course on supergeometry

e The fact that there are commuting and anti-commuting
coordinates makes supermanifolds equipped with a Z;-grading.

e We call objects with Z,-degree O (resp. 1) even (resp. odd).

e Atangent vector v at a point p is defined as a superderivation on
the space of functions on M:

vf - g) = v(f)- gp) + (-1 VI f(p) - v(g),

where | - | denotes the Z;-grading.

e Coordinates (x, &% induce a basis (d,;, dgo) Of the tangent space
TpM at p such that

0,00) =&, 0l =685, 9,467 =0 = dg(x).

e With this, it is possible to extend the notions of vector field,
differential form, (co)tangent bundle, and (co)distribution.




A supercrash course on supergeometry

e The wedge product now depends on the Z,-grading, as well as
the usual N-grading:

anB— (1)lal 181G A g,

for any k-form a and any /-form .
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Definition

A distribution D C TM (resp. codistribution D C T*M) on a homogeneity
(super)manifold (M, V) is called a homogeneous distribution if the
tangent lift drV (resp. the cotangent lift d;V) is tangent to D.

Theorem (Grabowska and Grabowski, 2024)

D C TM is a homogeneous distribution iff it is locally generated by
homogeneous vector fields.

Corollary

D C T*M is a homogeneous codistribution iff it is locally generated by
homogeneous one-forms.
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Homogeneous Frobenius theorem

Theorem (Grabowski and L. G.)

Let (M, V) be a homogeneity (super)manifold, and let D be a homogeneous
involutive distribution of rank r|s on M. Around every point xo € |M| at
which N/ vanishes, there exists a system of homogeneous coordinates
(t',8) such that D is locally generated by 9,1, . .., 0, 0g1, . . ., Ogs.
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Remark

If f € €>(M) is a w-homogeneous function on a homogeneity
manifold (M, V) with non-zero weight w, then it vanishes at every point
Xo € M at which V vanishes. Indeed,

1 1
fixo) = m (Lvf)(Xo) = ” (twdf) (x0) = 0.

In other words, a homogeneous function non-vanishing at xg is
necessarily of degree zero.

Consequently, if a homogeneous one-form 8 does not vanish at xg,
then deg(B) € I, with ' C R the set of weights of any system of
homogeneous coordinates (x?) around xg. Otherwise, all the
coefficients of 8 in the basis (dx“) would vanish at xg.
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Let D be an involutive homogeneous distribution on a homogeneity
(super)manifold (M, 7). Then, on a neighbourhood of each xo € |M| at
which /7 vanishes, there exist linearly independent (super)commuting
homogeneous vector fields locally generating D.
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Let X be an even (-A)-homogeneous even vector field on a homogeneity
supermanifold (M, V) (with A € R). Assume that, at a point xog € |M|,

Vo) =0, X(xo)+0.

Then, in a neighbourhood of xo, there exists a system of homogeneous
coordinates (y9, %) such that X = Iy
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Let y be an odd (-A)-homogeneous vector field on a homogeneity
supermanifold (M, V) (with A € R). If x> = 0 and y generates a
distribution, then, in a neighbourhood of each xo € |M| at which v
vanishes, there exist a system of homogeneous local coordinates (t', &)
such that y = 0gn.
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Homogeneous Poincaré lemma

Lemma (Grabowska and Grabowski, 2024)
Let w be a -homogeneous k-form (with k >0 and A € R) on a
homogeneity (super)manifold (M, V). In a neighbourhood of each xo € M
such that V(xp) = O, there exists a (k - 1)-form a such that:

@ da=uw,

® a is -homogeneous,

© alxp) = 0.
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Homogeneous symplectic Darboux theorem

Theorem (Grabowska and Grabowski, 2024)

Let w be (A, 0)-homogeneous symplectic form on a homogeneity
(super)manifold (M, V) (with A € R and o € 7). Around every xq € |M|
such that V(xp) = O, there is a system of homogeneous coordinates

(', pi, &) such that

w=dpAdg+) €ddinds, € ==1.
/
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Definition

A presymplectic form w on a (super)manifold M is a closed 2-form of
constant rank r. Its characteristic distribution C,, C TM is given by

Cy = kerw.

Proposition

The characteristic distribution C,, is an integrable distribution. Moreover, if
w is homogeneous (w.r.t. a weight vector field 7 on M), then Cy, is a
homogeneous distribution.
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Homogeneous presymplectic Darboux theorem

Theorem (Grabowski and L. G.)

Let w be (A, 0)-homogeneous presymplectic form on a homogeneity
(super)manifold (M, V) (with A € R and 0 € 7Z,). Around every xq € |M|
such that V(xg) = O, there is a system of homogeneous coordinates

(G, pi &, 2% xP) such that

w=dpAdg+) €dSinds, € ==+1.
/
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Homogeneous presymplectic Darboux theorem

Since Cy is integrable, there exists a homogeneous chart (U y', ... y")
around xg such that

Cw =5 <0y1, 5 o .,ayn—2r>,

and (y"-2*1, .,y are coordinates on the space of leaves J of the
integral foliation. This space is endowed with a weight vector field

n
Vg =1,V = Z W, 'y/ayi,

j=n-2r+1

and a symplectic form @ such that w = m*@. In fact, @ is
A-homogeneous w.r.t. V¢. Applying the Homogeneous Darboux
theorem to @ and lifting the resulting coordinates to M, the result
follows. O
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Class of a one-form

Definition
Let a be a k-form on a supermanifold M. The subset

x(a) = ker(a) N ker(da) C TM

is called the characteristic set of a.

If y(a) is a distribution, it is called the characteristic distribution of q,
we say that a is regular, and the corank of y(a) as a sub-bundle of TM
is called the class of a:

Cq == corank (x(a)) .
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Class of a one-form

Proposition
If ais a regular form, then y(a) is involutive and a is y(a)-invariant.

Proof.
For any pair of sections X and Y of y(a) = kera n kerda,

lxna = [y, Lyla = szyda =0, l[X(Y]da =0,

and
Lyxa = d(iya) + iyda = 0.
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Non-degenerate one-forms

Definition
A regular one-form a on a (super)manifold M is called
non-degenerate if its characteristic foliation is trivial:

x@ = {0y},

or equivalently,

Cq = dim(M).
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Non-degenerate one-forms

The annihilator of y(a) is given by
(x(@)° = (kerankerda)® = (kera)° + (ker da)° = (a) + Im(bgq),
where byy: TM 3 v i (,da € T*M.

The form is non-degenerate iff ()((a))C> = T*M, so there are two
possible cases for dimM > 2:

@ M= (a)®Im(bgq) = cq = rank(bgq) + 1 (contact form),
@ TM = Im(bgq) = Cq = rank(byg) (Symplectic potential).




Non-degenerate one-forms

The situation dim M = 1, on the other hand, is trivial, since then every
one-form is closed.

The rank of an even 2-form (or a standard 2-form on a classical
manifold) is always even, so a non-degenerate 2-form is a contact
form (resp. a symplectic potential) iff dim M is odd (resp. even).
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Since y(a) is an involutive homogeneous distribution, the
homogeneous Frobenius theorem provides a system of
homogeneous coordinates (t',...t?, 6", ..., 69) such that the
projection : M — M/y(a) onto the space of leaves reads

!, .. .0, e =", e, 6.

Furthermore, a induces a non-degenerate one-form aeq 0N M/x(Q)
uniquely determined by

T (Ared) = Q.




Of course, the foliation m: M — M/y(a) may not be simple (i.e., M/x(a)

may not have a smooth structure making it a surjective submersion).
However, since we are interested in a local characterisation (Darboux
coordinates), it suffices to restrict to charts.
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Definition

Let a be a regular one-form on a (super)manifold M. We call a a
precontact form (resp. a presymplectic potential) if the reduced
one-form ayeqg ON M/x(Q) is a contact form (resp. a symplectic
potential).
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Darboux theorem for homogeneous one-forms

Theorem (Grabowski and L. G.)

Let a be a regular A-homogeneous one-form on a homogeneity
supermanifold (M, ). Around each xo € M, there exists a system of
homogeneous coordinates in which a has a canonical expression:

@ a=0d7-p,dx?+ %G/dﬁf, if a is even and precontact,
@ o = dé-6%dxY, ifais odd and precontact,
© a—pydx? + %8/ d@, if ais even and a presymplectic potential,

O o = 0°dx? if ais odd and a presymplectic potential.
Here & = +1.
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Darboux theorem for homogeneous one-forms

Corollary

Let a be a regular A-homogeneous one-form on a homogeneity manifold
(M, V). Around each xo € M, there exists a system of homogeneous
coordinates in which a has a canonical expression:

@ a=dz-p,dx? ifais precontact,
® a = p,dx’, if ais a presymplectic potential.
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Darboux theorem for homogeneous one-forms

Proof for even contact forms:
If ais a contact form, there is a unique Reeb vector field R on M such
that

ra=1,rpda=0.

It is -A-homogeneous and nowhere-vanishing. Therefore, we can
apply the homogeneous straightening lemma and write R = d; in
some system of homogeneous coordinates.

On the other hand, the 2-form da is independent of z. In fact, da| -0}
is homogeneous symplectic, so it can be written in the canonical Wiorm
w=dp;Adg +3_ €d€l A dE.

Finally, applying the Homogeneous Poincaré Lemma to the closed
1-form a - padx? + 36/d6, we obtain the canonical form for a.
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Darboux theorem for homogeneous one-forms

Proof for even symplectic potentials:
If a is an even presymplectic potential on M, then we can define the
even contact form

n=dt+a,

on M x R, which is A-homogeneous w.r.t. the weight vector field
V=V + Atos,

where tis the canonical coordinate on R. There exists a system of
homogeneous coordinates (g%, pq, z, @) around (xp, 0) in which it reads

N =dz-pedx? + %Gfdg, g==+1.

We can easily check that z = t; while the coordinates (g%, pq, &) project
into coordinates on M, which are canonical coordinates for 8.
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Darboux theorem for homogeneous one-forms

The proofs for odd contact forms and odd presymplectic potentials
are similar.

Proof for degenerate forms:
The canonical form of a degenerate a can be obtained by pullbacking

the canonical form of aeq, Which is non-degenerate, i.e., either a
contact form or a symplectic potential.
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Example: vector bundles and linear one-forms
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e Recall thata VB r: £ — B is endowed with the Euler vector field

k
VE= Zy"a i
=1

In this case, the set of weights of the weight vector field is simply
[=1{01}

e Hence, any non-vanishing homogeneous one-form 8 on £ is
either basic (if deg(6) = 0) or linear (if deg(6) = 1).

e Notice that the possible classes of one-forms are restricted by
the dimensions of the base space (n) and the fibers (k):
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® Presymplectic potentials have class 2s + 2 with
1 < s+1 < min{k n}. Indeed, for a one-form 8 of such class, and
around any point on the zero-section of £, there exists a system of
homogeneous coordinates (g?, py, 2¥) such that

N
0=7 ppdg”,
b=0

with

deg(q”), deg(py). degz) € {0,1} and  deg(q”) + deg(pp) = 1.

In particular, at least s+ 1 of the coordinates have degree 0, and at
least other s+ 1 of them have degree 1.




® Precontact forms have class 2s+ 1 with 1 <s+1 < min{k,n+1}.
Indeed, for a one-form 6 of such class, and around any point on
the zero-section of £, there exists a system of homogeneous
coordinates (¢, pj, z, t°) such that

S
6=dz+y pdd,
J=1
with

deg(¢) deg(p)), deg(t) € {0, 1}, deg(¢)+deg(p) =1 and deg(?) -

In particular, at least s of the coordinates have degree 0, and at
least s + 1 of them have degree 1.




e Systems of bundle coordinates onni: £ — B are just systems of
homogeneous coordinates on (£, V) and vice versa. This means
that any system of homogeneous coordinates (2, ') on (E, V),
with deg(x?) = 0 and deg(j") = 1, induces a system of coordinates
(x?) on the base space B such that X = *x7.

e |n this way, given a linear one-form of constant class on a VB, our
results allow constructing coordinates which are simultaneously
Darboux for the one-form and adapted to the VB structure.
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Conclusions




We have obtained homogeneous local coordinates (around the zeros
of V) which are canonical for homogeneous objects:

® homogeneous involutive distributions,
® homogeneous (pre)symplectic forms,

® homogeneous one-forms.




Future research

e Homogeneous multisymplectic forms

e Homogeneous Poisson structures and homogeneous Weinstein
splitting coordinates

e Multiple gradings: V1 and V; such that [V, V] =0
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Thank you for your attention!

B4 Feel free to contact me at alopez-gordon@impan.pl
@ These slides are available at www.alopezgordon.xyz
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