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The interest of gradings

There are several scenarios in geometry and physics in which a
(N,Z,Z>,R ...)grading appears:

e the algebra of exterior forms with the exterior product (Q’(M), /\),
e the spin of particles,

® intensive/extensive variables in thermodynamics,

e symplectisation/Poissonisation of contact/Jacobi manifolds,

e supermanifolds,

® higher tangent bundles.
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Theorem (Euler)

Let f: R" — R be a differentiable function, and k an integer. The following
assertions are equivalent:

@ f(t-x)=tfx), VteR\{0}, Vx €R",

n
@ f is an eigenfunction of X = ) x',, with eigenvalue k, namely
=1

Definition
A function f satisfying any of the equivalent conditions above is called
homogeneous of degree k or k-homogeneous.
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We can extend this notion to a manifold M" by considering a vector
field X € X(M) which is locally of the form

n
X = Z Xiaxf
i=1

in a certain atlas.
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Definition

An (even) vector field ¥ on a (super)manifold M is called a weight
vector field if in a neighbourhood of every point of (the body of) M
there are coordinates (x?) such that

n
VZZWG'XGGXU, WQER

a=1

Such coordinates are called homogeneous coordinates, and the pair
(M, V) is called a homogeneity (super)manifold.
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Definition

Let (M, V) be a homogeneity (super)manifold and w € R. A tensor field
Aon M is called homogeneous of degree w or w-homogeneous if

LgA=w A.




Example (Trivial)
The zero-section of the tangent bundle makes any (super)manifold a
homogeneity (super)manifold:

VvV =0.

This means that all the subsequent results | shall present still hold if
you forget the adjective “homogeneous”.




Example (Vector bundles)

Let m: £ — M be a vector bundle (VB). The Euler vector field
Ve € X(E), i.e. the infinitesimal generator of homotheties on the
fibers, is a weight vector field. In bundle coordinates,

(%) - (), V= Zy"aya.

a

Remark

The structure of VB on E is uniquely determined? by its structure of
manifold and a smooth action of the monoid (R, -) generated by V¢

9See Grabowski and Rotkiewicz, /. Geom. Phys. 59 (2009).

.
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Example (Exact symplectic manifolds)

Let (M, w) be a symplectic manifold. Then, the following statements
are equivalent:

@ wis exact, i.e. there exists a @ € Q' (M) such that w = d,
® there exists a Liouville vector field V € X(M) such that Lvw = .

In fact, since X(M) 3 X — ixw € Q"'(M) is an isomorphism, given 8
(resp. V), we can univocally define 6 (resp. V) by the relation

vw = 6.

The Liouville vector field is a weight vector field. Indeed, in Darboux
coordinates (q', p) for 6, we have

6 = pidg' — V = pidy, .
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A supercrash course on supergeometry

e The superspace RP!9 = RP x (Grassmann algebra) has canonical
coordinates (x',...,xP,&9,...,&9), where x are commuting and &
anti-commuting:

X[~Xj:Xj~Xi, X/~€a:fa~Xi, Ea'fb:—fb'§a~

e Superroughly speaking, a (p|g)-dimensional supermanifold M is a
topological space that is locally isomorphic to RP19. There is an
associated p-dimensional manifold | M| called the body of M.

e |n this talk, I will be interested only in local coordinates, so we can
just think M = RP19 and |M| = RP.

e Smooth functions on M are polynomials on the anticommuting
variables & with functions on the commuting variables x as
coefficients, e.g. in RPI2 these are of the form

FOT P, EYE2) = o) + OO ET + o) E2 + Frax) T - €2




A supercrash course on supergeometry

e The fact that there are commuting and anti-commuting
coordinates makes supermanifolds equipped with a Z;-grading.

e We call objects with Z,-degree O (resp. 1) even (resp. odd).

e Atangent vector v at a point p is defined as a superderivation on
the space of functions on M:

vf - g) = v(f)- gp) + (-1 VI f(p) - v(g),

where | - | denotes the Z;-grading.

e Coordinates (x, &% induce a basis (d,;, dgo) Of the tangent space
TpM at p such that

0,00) =&, 0l =685, 9,467 =0 = dg(x).

e With this, it is possible to extend the notions of vector field,
differential form, (co)tangent bundle, and (co)distribution.
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A supercrash course on supergeometry

e The wedge product now depends on the Z,-grading, as well as
the usual N-grading:

anB— (1)lal 181G A g,

for any k-form a and any /-form .
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Definition

A distribution D C TM (resp. codistribution D C T*M) on a homogeneity
(super)manifold (M, V) is called a homogeneous distribution if the
tangent lift drV (resp. the cotangent lift d;V) is tangent to D.

Theorem (Grabowska and Grabowski, 2024)

D C TM is a homogeneous distribution iff it is locally generated by
homogeneous vector fields.

Corollary

D C T*M is a homogeneous codistribution iff it is locally generated by
homogeneous one-forms.
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Homogeneous Frobenius theorem

Theorem (Grabowski and Grabowska, 2025)

Let D C TM be a rank-k involutive homogeneous distribution on a
homogeneity supermanifold (M, V) of total dimension n, and let
m € |M|. Then, there is a neighbourhood of m endowed with a system
o« i=1,....n of homogeneous local coordinates such that
@ D islocally spanned by (0,1, ..., 0.), If either V(m) = 0 or V(m) + 0
and (M) & Dp,;

® D islocally spanned by (0,1, . ..,0k1,Y), where

n-1
y =WV + Z M, . XNy,
=k

in the case V(m) # 0 and V(m) € Dp,.
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Homogeneous symplectic Darboux theorem

Theorem (Grabowska and Grabowski, 2024)

Let w be (A, 0)-homogeneous symplectic form on a homogeneity
(super)manifold (M, V) (with A € R and o € 7). Around every xq € |M|
such that V(xp) = O, there is a system of homogeneous coordinates

(', pi, &) such that

w=Y doadg+) €dade, € ==x1.
j /
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Definition

A presymplectic form w on a (super)manifold M is a closed 2-form of
constant rank r. Its characteristic distribution C,, C TM is given by

Cy = kerw.

Proposition

The characteristic distribution C,, is an integrable distribution. Moreover, if
w is homogeneous (w.r.t. a weight vector field 7 on M), then Cy, is a
homogeneous distribution.
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Homogeneous presymplectic Darboux theorem

Theorem (Grabowski and L. G.)

Let w be (A, 0)-homaogeneous presymplectic form on a homogeneity
(super)manifold (M, V) (with A € R and o € 7Z). Around any point
Xo € |M| such that either V(m) = 0 or V(m) # 0 and V(m) & ker wp,
there is a system of homaogeneous coordinates (¢, p;, €, 2, x°) such that

w=Y doAdg+) €défade, € ==x1.
i /
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Class of a one-form

Definition
Let a be a k-form on a supermanifold M. The subset

x(a) = ker(a) N ker(da) C TM

is called the characteristic set of a.

If y(a) is a distribution, it is called the characteristic distribution of q,
we say that a is regular, and the corank of y(a) as a sub-bundle of TM
is called the class of a:

Cq == corank (x(a)) .
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Class of a one-form

Remark

For a one-form a on a (standard) manifold M, this is equivalent to the
classical definition of class, namely:

. anda® +0,
e class(a) =2s+1 n‘f{ e :78
anda=" +0,
e class(a) = 2siff 4 da* + 0,
anda®=0.
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Class of a one-form

Proposition
If ais a regular form, then x(a) is involutive and a is x(a)-invariant.




Non-degenerate one-forms

Definition
A regular one-form a on a (super)manifold M is called
non-degenerate if its characteristic foliation is trivial:

x@ = {0y},

or equivalently,

Cq = dim(M).
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Non-degenerate one-forms

The annihilator of y(a) is given by
(x(@)° = (kerankerda)® = (kera)° + (ker da)° = (a) + Im(bgq),
where byy: TM 3 v i (,da € T*M.

The form is non-degenerate iff ()((a))C> = T*M, so there are two
possible cases for dimM > 2:

@ M= (a)®Im(bgq) = cq = rank(bgq) + 1 (contact form),
@ TM = Im(bgq) = Cq = rank(byg) (Symplectic potential).
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Non-degenerate one-forms

The situation dimM = 1, on the other hand, is trivial, since then every
one-form is closed.

On a (standard) manifold, the rank of da is always even. Thus, a
non-degenerate form a is

e 3 presymplectic potential iff dim M is even,
e contact iff dim M is odd.
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Definition

Let a be a regular one-form on a (super)manifold M. We call a a
precontact form (resp. a presymplectic potential) if the induced
one-form aeq 0N M/x(a) is a contact form (resp. a symplectic
potential).

If ais regular, then da is presymplectic.
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Darboux theorem for homogeneous one-forms

Theorem (Darboux theorem for homogeneous one-forms)

Let a be a regular homogeneous one-form of degree A = (o,w) € Z; x R
on a homogeneity supermanifold (M, V). Around each point xg € | M|
such that either V(m) = 0 or V(m) # 0 and NV (m) & y(Q)m:

@ /faisaprecontact form of class 2r +s+1 and V(xg) = 0 orw # Q,

r S
a=dz+) pdg+) eyldy, €==1,
= =

in a certain system of homogeneous coordinates (¢', p;, z, y', x°)
centered at xg.

The coordinates (y') only appear if a is even, i.e. g = 0.
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Darboux theorem for homogeneous one-forms

Theorem (Darboux theorem for homogeneous one-forms)

Let a be a regular homogeneous one-form of degree A = (o,w) € Zy x R
on a homogeneity supermanifold (M, ). Around each point xg € | M|
such that either V(m) = 0 or V(m) # 0 and V(m) & x(@)m:

@ // ais a precontact form of class 2r +s+1, V(xg) # 0 and w = Q,
a= %+ip'dq"+i£’y’dy/ e =1
7 = / — i X 1y

in a certain system of homogeneous coordinates (q', pj, z,y', x?) such
that

2x0) =1, qxo) = pilxo) = y'xo) = x(x0) = O.
The coordinates () only appear if ais even, i.e. g = 0.
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Darboux theorem for homogeneous one-forms

Theorem (Darboux theorem for homogeneous one-forms)

Let a be a regular homogeneous one-form of degree A = (o,w) € Zy x R
on a homogeneity supermanifold (M, V). Around each point xg € | M|
such that either V(m) = 0 or V(m) # 0 and V(m) & x(@)m:

@ // ais a presymplectic potential of class 2r +s,
r ‘ S
a=) pdg+> gyldy, & ==x1,
i=1 =1

in a certain system of homogeneous coordinates (q', pj, y', x°)
The coordinates (y') only appear if a is even, i.e. g = 0.
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Corollary

Let a be a regular A-homogeneous one-form on a homogene/'ty man/fo/a’
(M, 7). Around each point xg € M such that either V(m) = 0 or V(m) #+ 0
and YV (m) & x(a)m, there exists a system of homogeneous coordinates in
which a has a canonical expression:

,
@a=adz+ Zp,-dq/, if ais precontact, and V(xg) = 0 or w # 0,
i=1

Qa= Z,o,dq ¥V =20, and z(m) = 1 if a is precontact,

YV (Xo) 7& O and w =0,
©a= Z pidx, if ais a presymplectic potential.
i
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Homogeneous Poincaré lemma

Lemma (Grabowska and Grabowski, 2024)
Let w be a -homogeneous k-form (with k >0 and A € R) on a
homogeneity (super)manifold (M, V). In a neighbourhood of each xo € M
such that V(xp) = O, there exists a (k - 1)-form a such that:

@ da=uw,

® a is -homogeneous,

© alxp) = 0.
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Example (Non-trivial homogeneous forms of weight zero)

e Consider R? with canonical coordinates (x, y, z) and V = xdy - yoy.
e Any smooth functions f;: R® — R of the form
fitx.y, 2) = @ilxy, 2)

are homogeneous of weight 0.
e letg=x(1+f1), p=y(l+f), {=fzsuchthat

E
9Z |(0,0,0)

+0

e Then, n =d{ + pdq is a (local) homogeneous contact form of
weight O.
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Example (Non-trivial homogeneous forms of weight zero)

e Consider R? with canonical coordinates (x, y,z) and ¥V = xoy - yoy.
e [or instance,

n =y(1 +5inz + cos(xy)(1 +sinz) - sin(xy) (€7 + xy(1 + sinz))) dx
- x sin(xy) (Xy(sinz +1)+ ez) dy + e cos(xy)dz

is a homogeneous contact form of weight 0.
e A system of homogeneous Darboux coordinates is

g=x(1+coskxy)), p=y(1+sinky)), {=e cosxy),

sothatn = d{ +pdg and V = qdg - pdp.
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Example (Non-trivial homogeneous forms of weight zero)

e Consider R? with canonical coordinates (x,y,2) and ¥ = xdx - yd,.
e Similarly, the one-form

6 = y( cosh(xy)+ 1) ( sinh(xy) + xy cosh(xy) + 1) dx
+x%y cosh(xy)( cosh(xy) + 1) dy

is homogeneous presymplectic potential of weight 0.
e Homogeneous Darboux coordinates (g, p, {) are given by

g =x(1+sinh(xy)), p=y(1+coshxy)), (=z.
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Congratulations, Juan Carlos!

Figure: Candle bundle over a cake foliated by cream and dough leaves.
Choosing your favourite flavour is left as an exercise for the audience.
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Thank you for your attention!

B4 Feel free to contact me at alopez-gordon@impan.pl
@ These slides are available at www.alopezgordon.xyz
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