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® Cocontact Hamiltonian systems
© The action-independent approach
O The action-dependent approach

©® Examples
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Geometric Hamilton—Jacobi theory

¢ Consider a dynamical system characterized by X € X(M).
© Suppose that 7: M — B is a vector bundle (e.g. m7q: T*Q — Q).

¢ Idea: obtain a section 7y € ['(M) such that the following diagram
commutes:

M—X . TMm

o ks Tr Ty
B—* . TB
o If o is an integral curve of X7, then v o ¢ is an integral curve of X.
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[ Jelele]

Cosymplectic and contact structures

Let M be a (2n + 1)-dimensional manifold
Cosymplectic manifold (M,w, ) Contact manifold (M, n)

¢ w closed 2-form ¢ n 1-form
¢ 7 closed 1-form e npAdn"#0
°TAWT#£D © Reeb vector field R;:
® Reeb vector field R;:
iR, =1, tr,dn=20
=0, =1 .
PR fR:T * Darboux coords. (¢', pi,

[ J

z):
Darboux coords. (t,q', p;): . 9

5 n=dz - p;dq’, Rz=5
w=dq'Adp;, 7 =dt, Ry = 5
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Cocontact structures |

¢ ldea: a structure that combines the cosymplectic and contact ones.

Definition

A cocontact manifold is a triple (M, 7,71) where:
@ M is a (2n + 2)-dimensional manifold,
@ 7 and n are 1-forms,
@ dr =0,
@ TAnA(d)"" #0.
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Cocontact structures Il

© Given a cocontact manifold (M, 7,7), we have the flat isomorphism:

b: X(M) — QY(M)
X = (exT)T + exdn + (exn)n

and its inverse ff = hL.
° Reeb vector fields: R, =b~1(7), R, =b"1(n).

* Darboux coordinates (t, qi,p;,z) :

; 0
T=dt, n=dz- pdq’, Rt=5, Ry=——
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Cocontact Hamiltonian systems

¢ Given a Hamiltonian function H: M — R, its Hamiltonian vector
field is given by

p(Xn) =dH — (R(H)+ H)n+ (1 —R«(H)) T

® In Darboux coordinates,

X —g_l_a_Hi_(a_H_‘_ .8H> 8_|_< oH H)g
"= 0t " apiog \og "oz)ap \Pop '
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Canonical cocontact manifold
RxT*QxR (t,qi,pi,z)
% K | y Xz} |
RxT*Q ” TQxR  (t.q'.pi) N (', pir 2)
e (4", pi)

Let @ be an n-dimensional manifold with local coordinates (g').
Let 8y = pidqg’ be the canonical 1-form of T*Q.
Consider the 1-forms g = g and ng =dz —fg on R x T*Q@ x R

Then, (dt,nq) is a cocontact structure on R x T*Q x R. The local
expression of the 1-form 7 is

ng =dz — pidg’.
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The action-independent approach

¢ Let (R x T*Q x R,dt, nq, H) be a cocontact Hamiltonian system.

¢ ldea: obtain a section ~y of 71'52 RxT*Q xR — R x @ such that the
following diagram commutes:

RxT*QxRL)T(RxT*QxR)

Y7 Trg| | Ty

~

RxQ H > TR x Q)

© Here mhy: (t,q',pi,z) — (t,q").
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Proposition

Im~(t,-) is a Legendrian submanifoldV t € R (i.e., v*ng = 0) iff

; 0S
_ 1 . i
’Y(tv q) _./tS(tv q) — (tvq ’ 8qi75)

Theorem (Action-independent Hamilton—Jacobi Theorem)

Suppose that, Vt € R, Imv(t,-) is a Legendrian submanifold. Then, X},
and Xy are ~y-related iff

Hoj}5+%=0.

The function S is called a generating function for H.
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Application: time-independent contact systems

Let (T*Q x R,ng, H) be a contact Hamiltonian system.

Consider the associated cocontact Hamiltonian system
(R x T*Q x R,dt,ng, H o p2), where p2: (t,q', pi,z) — (q', pi, 2).
Suppose that S(t, q) = a(q) + B(t).
Then, the Hamilton—Jacobi equation is written as
op

Hojla-l—azo,

Notice that if S is time-independent (i.e., 8 = 0), the solutions of the
HJ problem only cover the zero energy level!
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Example (The free particle with linear dissipation)

¢ Consider the contact Hamiltonian system (T*R x R, nr, H) with

p2
H(q’p,Z) = 7—{_52

® Then, S(t,q) = Ae %t — %q2 is a generating function for H.

° Now,
o OH o B B
X'Y = — _— = — — _
H= 3t T 8p og ar %95

Im

whose integral curves are of the form o(t) = (t, goe%f).

® Thus, the integral curves of Xy|im(,) are given by

)
voo(t) = (t,qe ", —dgoe ", —que‘m + Xe %),
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The action-dependent approach

© The previous approach has a drawback: complete solutions cannot be
defined.

® |dea: consider sections of 7'(‘82: RxT*QxR—-Rx Q® x R:

RxT*QxR — 2" T(R x T*Q x R)

t, t,
ol 7rQZ T71'Qz Ty

Yy
RxQxR —" T(Rx Q xR)
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Proposition

If (M, 7,m) is a cocontact manifold, then (M, N\, —R,) is a Jacobi
manifold, where N(a, ) = —dn(fc, 13).

* Recall that the orthogonal complement D+ of a distribution D C TM
is given by D+ = A(D°, ).
* A submanifold N is said to be coisotropic if TN+ C TN.
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* Let dof = §5dq’ for f € C°(R x Q x R).

Theorem (Action-dependent Hamilton—Jacobi Theorem)

Let ~v be a section ofwf?’s RxT*Q xR — R x QxR such that Im~ is a
coisotropic submanifold. Then, X}, and Xy are ~-related iff

de(Hov) + Lr,(Hoy) v+ Lr,y=(Ho7) Lr,Y.
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Introduction Cocontact Hamiltonian systems
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Complete solutions |

Definition
A complete solution of the Hamilton—Jacobi problem is a local
diffeomorphism ®: R x @ x R” x R — R x T*Q X R such that, for each

A e R

Oy RXxQxR—RxT*Q@xR
<t,qi,z> |—>¢(t,qi,)\,z)

is a solution of the action-dependent HJ problem.
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Complete solutions Il

o Let us define the functions f; = mjoao® L on R x T*Q x R, so that
the following diagram commutes:

[0
RxQ@xRxR" —— RxT*Q xR

[

R" it » R

For each i € {1,...,n}, the function f; = m; o a o ®~1 js a constant of the
motion. However, these functions are not necessarily in involution, i.e.,

{fi, fi} # 0.
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Freely falling particle with linear dissipation |

The Hamiltonian function H : R x T*R x R — R is given by

2
H(t,q,p,z) = $(t) + m(t)gq +

We look for a conserved quantity f, i.e., Xy(f) = 0.

.,
m(t)" "

For simplicity’s sake, suppose that f = f(t, p).

Conserved quantity:

t t t u
f(t,q,p,z) = ef1 s <p+ge_f1 F(75_)(15/ e ) _Fﬂ(%)dsm(u)du> .
1
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Freely falling particle with linear dissipation Il

® We can thus express the momentum p as a function of t and the real
parameter A, namely,

t t t u
P(t,\) = e i e ()\ —ge )i FA(YS_)ds/ el F'(YS_)dsm(u)du> ,
1
and obtain a complete solution of the Hamilton—Jacobi problem for H:

dx:(t,q,2z) — (t,q,p= P(t,)), z) .
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Damped forced harmonic oscillator |

¢ Consider the product manifold R x TQ x R with Hamiltonian function

2
k
H(t,q,p,s) = —+ 2q —qF(t)+—5

© Conserved quantity:

fltqp) — ek (smh( %) (2kma +7p) ( ))
5\‘/_

K

fysmh
/ F(s)ezm (cosh ( ) (3) ds
where k = /72 — 4km.
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Damped forced harmonic oscillator Il

® Thus, we can write p in terms of t, g and a real parameter \ as

_at
e 2m

7ysinh (3£) 4 £ cosh (3%)

t . inh (£
n/ e F(s) (cosh (n_s) + M) ds] ,
1 2m K

and obtain a complete solution of the Hamilton—Jacobi problem:

t t
P(t,q,\) = [/@)\ - 2kmqe2lm sinh (H—)
2m

(D)\: (t,q,)\,z) = (t7q7pE P(t,q,)\),z) .
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Thank you!

DA asier.lopez@icmat.es

@ www.alopezgordon.xyz
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