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Symplectic structure on TQ induced by the Lagrangian |

* A symplectic manifold (M, w) is an 2m-dimensional manifold M
endowed with a symplectic form w (i.e., a closed and non-degenerate
2-form).

¢ The vertical endomorphism S : T(TQ) — T(TQ) is given by

0 0 0
$(o0) =55 Slag)=®

¢ Its adjoint S* : T*(TQ) — T*(TQ) is given by

S*(dg') =0,  S*(dg')=dq'.
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Symplectic structure on TQ induced by the Lagrangian Il

(e]e]

¢ Consider a Lagrangian function L on TQ.
¢ The Poincaré-Cartan forms are given by
0L = 5*(dL), Wy = —dHL.
© Hereinafter, L will be assumed to be regular, i.e., w; is symplectic.
® The Liouville vector field A on TQ is given by
;0
A = I—..
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© A second order differential equation (SODE) is a vector field £ on
TQ that is a section of both 77¢ : TTQ — TQ and
Trg: TTQ — TQ.

© Locally,
£= 3 — +&(q, q)
¢ Clearly, &£ is a SODE if and only if
5(8) =

* A solution of a SODE ¢ is a curve o(t) = (q¢'(t)) on @ such that its
canonical lift to TQ is an integral curve of £, given by

2 i
%:g( i‘i), 1<i<n=dmQ.
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Forced Euler-Lagrange equations

© An external force is represented by a semibasic 1-form a on TQ.
Locally, .
a = a;(q,q) dq".

® The dynamics is determined by the forced Euler-Lagrange vector
field &, , given by
Lg JWL = dE; + a,

where E; = A(L) — L.
® {1« is a SODE, with solutions given by

i(%>_ﬂ__. 1<i<n
at\agi) ag M =I=m
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Vertical and complete lifts of a vector field

¢ Consider a vector field X on @ locally given by

;0
X - XI—..
aq’

0000 00

© lIts vertical lift is the vector field XV on TQ given by
-0
Xv - XI—..
lolel

© Its complete lift is the vector field X on TQ given by
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Rayleigh forces

° An Rayleigh force is an external force of the form
R = S*(dR),

where R : TQ — R is the Rayleigh potential or Rayleigh
dissipation function.

© R expresses the energy dissipated away by the system:

CEoo(t) = ~A(R)o01),

with o an integral curve of §; g.
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Dissipative bracket

© The dissipative bracket of a pair of functions f and g on (TQ,w;)
is given by

| oL \ T of og
[f,g]l = (SXr)(g) = <aqiaqj> g’ 0gi

¢ It is bilinear and symmetric

¢ It satisfies the Leibniz rule:
[7g, h] = [f, hlg + flg, h]
© f is a constant of the motion of (L, R) iff
{f,E.} —[f,R]=0.
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Noether theorem

Theorem (Noether's theorem for forced Lagrangian systems)

Let X be a vector field on Q. Then X°(L) = a(X€) if and only if XV(L) is
a constant of the motion.

© A vector field X on Q satisfying these conditions is called a
symmetry of the forced Lagrangian (L, «).

© For a Rayleigh system (L, R), this is equivalent to

X(L) = X¥(R).
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Example (Fluid resistance)

e Consider a body of mass m moving along 1 dimension through a fluid
that fully encloses it.

® The Rayleigh potential associated to the drag force is

. 1 _ 1 5
R—Eq, k—ECAp, L—2mq.

® Consider the vector field

X = ekQ/mé'

dq
* X¢(L)=XY(R) = XY(L) = mekq/mc'] is a constant of the motion.
® When kK — 0, X is the generator of translations and the conservation
of momentum is recovered.
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Other point-like symmetries |

° A Lie symmetry is a vector field X on Q such that
(X €Lal = Lx<é1,a =0
o If Lxcay is closed, then X is a Lie symmetry if and only if
Lxeao = —d(X(EL)).
* A Noether symmetry is a vector field X on @ such that
Lxecap = df, X(EL)+ a(X)=0.

o If Lxcay = df, then X is a Noether symmetry if and only if
f — XY(L) is a conserved quantity.
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Other point-like symmetries ||

* For a Rayleigh system (L, R), if Lxcay = df, then X is a Noether
symmetry if and only if

(e]e]

XE(EL) 4+ X“(R) = 0.

o If X is a Noether symmetry, it is also a symmetry of the forced
Lagrangian if and only if Lxcay = 0.

o If X is a Noether symmetry, it is also a Lie symmetry if and only if

txeda = 0.
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Non-point-like symmetries |

A vector field X on TQ is called a dynamical symmetry if

[)N(v €L,a] =0.

A vector field X on TQ is called a Cartan symmetry if

Lgap =df,  X(E)+a(X)=0

X is a Lie symmetry if and only if X€¢ is a dynamical symmetry.

X is a Noether symmetry if and only if X€ is a Cartan symmetry.
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Non-point-like symmetries ||

¢ If Lgay is closed, then X is a dynamical symmetry if and only if
d(X(EL)) = —Lxa.
¢ A Cartan symmetry is a dynamical symmetry if and only if
tgda = 0.

© If Lgoy = df, then X is a Cartan symmetry if and only if
f —(SX)(L) is a constant of the motion.

* For a Rayleigh system (L,R), X is a Cartan symmetry if and only if

X(EL) + (SX)(R) = 0.
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¢ Consider a G-invariant regular Lagrangian L on TQ, where G is a Lie
group with Lie algebra g and dual Lie algebra g*.

¢ Assume the G-action to be free and proper.
¢ The natural momentum map is given by
J:TQ — g¢g*
(J(x), &) = 6.(£Q)
for each € € g.
® For each £ € g, we can introduce a function on TQ:
S:TQ—R
x = (J(x), &)
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Lemma

Consider a forced Lagrangian system (L, ). Let & € g. Then
@ J¢ is a conserved quantity if and only if

o(£g) = 0.
@ If the previous equation holds, then £ leaves « invariant if and only if
Lgada =0.
In addition, the vector subspace of g given by
g = {6 €0 a(€§) =0, 1e5dar =0}

is a Lie subalgebra of g.
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Isotropy group

(e]e]

* J&is a constant of the motion V¢ € g, = J;1(u) is left invariant by
the flow of &, .
¢ Therefore the integral curves of £, ., are contained in level sets
Jat(w) € TQ.
¢ The isotropy Lie algebra at i € g, is
(9)u = {6 € ga | (1 [&:m]) =0Vn € ga}
[ ]

(Ga)u < G is the Lie group generated by (ga)u-
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Adjoint and coadjoint actions and isotropy group

For g € Ga, € € gas 1 € gy
¢ The adjoint action is given by

1

Adg § = %g exp(té)g~

t=0

¢ The coadjoint action is given by

(Ady 11,€) = (. Adg €)

© The isotropy group for i € g7 is

(Ga) = {8 € G | Adg 1 = i)
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Consider a gq-invariant forced Lagrangian system (L, ) on TQ. Let
w € gh. Then:

@ The quotient space (TQ), == Jy1(11)/(Ga), is endowed with an
induced symplectic structure w,,, given by

Wy = Wi,
where 7, : Iy (p) = (TQ), and iy : I (p) — TQ.
@ The reduced Lagrangian L, is given by
Lyom,=Loi,.

@ The reduced external force «, is given by

* _ %
0y =10
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Standard Hamilton-Jacobi problem

¢ The Hamilton-Jacobi problem consists in finding a characteristic
function W on Q such that

; OW
H(d\ 50 )
9 5

® Geometrically, this equation can be written as
Y*H = E,

with v = dW a section of T*Q.
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Hamilton-Jacobi problem for (H, )

Let vy be a closed 1-form on Q. Then the following conditions are
equivalent:

® d(Hoy) =78,
@ for every curve o : R — Q such that

o(t) = TngoXypgovyo o(t)

for all t, then v o o is an integral curve of Xy g;
@ Im~ is a Lagrangian submanifold of T*Q and Xy g is tangent to it.

If ~v satisfies these conditions, it is called a solution of the Hamilton-Jacobi
problem for (H, [3),
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Complete solutions |

* Amap ®: Q@ xR" — T*Q is called complete solution of the
Hamilton-Jacobi problem for (H, 3) if

@ & is a local diffeomorphism,
@ forany A= (Ay,...,A,) € R?, the map

P\ : Q- T*Q
q— d))\(q) = Q)(q, )\17"'7)\n)

is a solution of the Hamilton-Jacobi problem for (H, 3).

¢ Assume ¢ to be a global diffeomorphism.
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Complete solutions Il

¢ Consider the functions given by

fo=m,0071: T"Q = R,

where 7, denotes the projection over the a-th component of R”.

© The functions f; are constants of the motion. Moreover, they are in
involution, i.e.,

{fo,f} =0

Asier Lépez Gordén (ICMAT) Mechanical systems with external forces IFWGP, September 8, 2021 23 /31



Consider a n-dimensional forced Hamiltonian system (H, /3), with
1= 5 . 2
HZEZPH B:Z/’iipid%
i=1 i=1

The functions
f, = e p,, a=1,...,n.

are constants of the motion in involution. The 1-form ~ on Q given by

n o
v = Z /\;e_“’qldq’
i=1

is a complete solution of the Hamilton-Jacobi problem.
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Discrete mechanics |

¢ The continuous objects are now replaced by their discrete
counterparts: TQ ~ Q x @

© The exact discrete Lagrangian and external forces are

15 (@) = [ Lae),4(0) d,

fat (qjaqj'+1)=—/t_tj a(q(t). 4(t)) - 5 (t)
i () qj+1) = —/t_tj a(q(t), 4(t)) - q( )

© In practice, one takes an approximation of the integrals above, e.g.,
by the trapezoidal rule.
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Discrete mechanics Il

© The forced discrete Legendre transforms define the following

momenta:
pi+1 = D2Ld (qj, gj+1) + ff (9, gj+1) »

pj = —DiLa(qj qj1) — fy (), gj+1) -

° We can define the right discrete Hamiltonian:

H7 (qj, pj+1) = Pj+1Gj+1 — La (), gjs1)

¢ The discrete action is

N-1 N—

S¥{ah) =Y Lala 1) = Y [pradien — Hi (97, pia)]
=0 '

[ay

(.
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Discrete mechanics Il

¢ The dynamics is given by the discrete Lagrange-d’'Alembert

principle:
N-1
sSY g+ > {fd_ (Qis Grs1) Oqu + £ (qk:qk+1)5qk+1] =0
k=0

® From the discrete Lagrange-d'Alembert principle, one can derive the
forced right discrete Hamilton equations:

opj+1
[CIJ+1 — Do Hy (Clj,Pj+1)} 8q1:1 = —f; (4> gj+1),
J

pj = DiHJ (g5, pj+1) — 7 (a5, gj41) -
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Forced discrete Hamilton-Jacobi theory |

¢ Let us introduce the following mappings

vt = DSdo7T2—|—fd+ QX QR =T
(9, gj+1) = (Gj+1, Pj+1),
Fr:QxQ—Q
FH(aj-1,q) = D2Hy (47,7 (97, F*(g5-1,4)))
— £ (45, FH(g5-1,9)) [Py (a1, F (g1, )]
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Forced discrete Hamilton-Jacobi theory Il

Suppose that
@ Sy and v satisfy the forced right discrete H-J equation:

S5 (q1) = S} (a7) =7 (@), Gr+1) 1+ H (1,7 (47 gj1)) = 0,
@ the sequence of points {ck})_, C Q satisfies
ka1 = FT(ck_1,ck)-
Then, the set of points {(ck, pk)}kN:0 C T*Q with

Pit1 =7 (qk-1, qk)

is a solution of the forced right discrete Hamilton equations.
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