Introduct Symmetries obi problem

Non-conservative systems can have conserved quantities!

Symmetries, reduction and Hamilton-Jacobi theory for forced mechanical systems

Asier Lopez Gordén

Instituto de Ciencias Matematicas (ICMAT-CSIC), Madrid

Joint work with Manuel de Ledén and Manuel Lainz

34th International Colloquium on

Group Theoretical Methods in Physics
July 20, 2022

Financially supported by Grants CEX2019-000904-S and
PI1D2019-106715GB-C21 funded by MCIN/AEI/10.13039/501100011033

INSTITUTO DE CIENCIAS MATEMATICAS

Asier Lépez Gordén (ICMAT, Madrid) Symmetries for forced mechanical systems ICGTMP 2022 1/28



mmetries ‘ c Hami

Outline of the presentation

@ Introduction
® Symmetries
©® Reduction

® Hamilton-Jacobi problem

Asier Lépez Gordén (ICMAT, Madrid) Symmetries for forced mechanical systems ICGTMP 2022 2/28



Introduction S ies obi problem
©0000

Motivation

External forces appear in many dynamical systems:
¢ systems with dissipation or friction,
¢ control forces,

* nonholonomic Caplygin systems.
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Geometric Lagrangian mechanics

* Let @ be an n-manifold with coords. (g'): the space of positions.
© TQ, with coords. (g', '), is the space of positions and velocities.
* Consider a Lagrangian function L: TQ — R.
¢ The Poincaré-Cartan forms are given by

oL

0, = —dq’, wp = —do.

ol

¢ Hereinafter, L will be assumed to be regular, i.e.,

0L
det (86]"(:;/') #0
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Forced Euler-Lagrange equations

© An external force is represented by a semibasic 1-form
o = ai(q,g) dq'.

¢ The dynamics is determined by the forced Euler-Lagrange vector
field I, ,, given by

wi(MLa, -) =dEL + o,
where E; = qu_; — L.
¢ The integral curves of I} , satisfy the forced Euler-Lagrange
equations:

i(ﬂ)_ﬂ__a. 1<i<n
dt \9g' oqi " - =
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Rayleigh forces

° An Rayleigh force is an external force of the form

OR
dq’,
o= PE q'
where R : TQ — R is the Rayleigh potential or Rayleigh
dissipation function.

© R expresses the energy dissipated away by the system:

ar - Toag-
¢ Rayleigh considered only forces linear in the velocities, namely,

1
R=5Ri(q)d'd.
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Vertical and complete lifts of a vector field

¢ Consider a vector field X on @ locally given by

;0
X - XI—..
aq’

* lIts vertical lift is the vector field XV on TQ given by
-0
Xv - XI—..
lolel

* Its complete lift is the vector field X on TQ given by
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Noether theorem

© A vector field X on Q is called a symmetry of the forced
Lagrangian (L, a) if X°(L) = a(X°).
© For a Rayleigh system (L, R), this is equivalent to

X<(L) = X¥(R).

Theorem (Noether's theorem for forced Lagrangian systems)

A vector field X on Q is a symmetry of the forced Lagrangian (L, «) if and
only if XV(L) is a constant of the motion.
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Example (Fluid resistance)

e Consider a body of mass m moving along 1 dimension through a fluid
that fully encloses it.

The Rayleigh potential associated to the drag force is

_ k.3 _ _ 1
R—Eq, k—ECAp, L—2mq.
® Consider the vector field
0
X = eka/m _—
e 39

X¢(L) = XV(R) = X"(L) = me*9/mg is a constant of the motion.
When k = 0, X is the generator of translations and the conservation
of momentum is recovered.

Asier Lépez Gordén (ICMAT, Madrid)



Introduction Symmetries Reduction Hamilton-Jacobi problem

[e]e] le)

Other symmetries

A vector field X on TQ is called a dynamical symmetry if
[X,TLa] = 0.
© A vector field X on TQ is called a Cartan symmetry if
L6 =df,  X(E))+a(X)=0

© If Lg0, = df, then X = A’ Fia B’—., is a Cartan symmetry if and

only if f — Ala_q" is a constant of the motion.
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Example (Harmonic oscillator with a gyroscopic force)
® Consider a 2-dim. harmonic oscillator subject to a gyroscopic force:
IRENIY. % 23 1 .13 2
L=2Z[(q) —(q) ] azg(q dg' — g dq)'
i=1

e Consider the vector field X on TQ given by

X = (g<71+q2)8acﬂ+(gd2—ql)£2+¢2£1— '1832.

e X is a Cartan symmetry of (L, ), and its constant of the motion is

0=q'¢® — ¢*g' — % [(c‘;l)2 + (672)1 .
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© Consider a Lie group action of G on Q and the lifted action on TQ.
¢ The momentum map J: TQ — g* assigns a function on TQ for
each (€ g: ol
J£ = (J’§> = 8_57"6,’
where g = §"£,- is the generator of the £-action on Q.
© The action of £ on TQ is generated by

_ ¢C __ ii 381
§TQ_£Q—€8qi+anqjaqi
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Example (SO(3) and angular momentum)

® The generators of rotations on Q = R3 are given by
0 ..
EQ 5Iij8 K Ia./ak:17273a

eg., g1 =Yy0; — z0,.

® Then, .
ETQ.i <€UkX Ox k+€UkX %K
® Thus, i
ng = €iij‘jW = Lk
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Group actions and quotient manifolds

¢ ldea: reducing the dimensions of TQ (i.e., taking out redundant
d.o.f.) when L and « are G-invariant.

¢ Let
[x] ={y € M| ®(g,x) =y for some g € G},

M/G = {[x] | x € M} .

¢ ® smooth, free and proper = M/G is a differentiable manifold of
dimension dim M — dim G.
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Level sets

Suppose that L and « are both left invariant by the g-action.
Then, J¢ is a constant of the motion V¢ € g.

Therefore the integral curves of I , are contained in level sets
J7(p) c TQ.

* In other words, a trajectory starting on a particular level set J~1(u)
will not go out of the level set along the motion.
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¢ Consider a g-invariant forced Lagrangian system (L,«) on TQ.

o Let u be a regular value of J which is left invariant by the coadjoint
action of the subgroup G, C G.

¢ Then, (L, «) defines a reduced forced Lagrangian system (L, ,) on
(TQ), = J2*(1)/ ..
© The reduced Lagrangian is related with the original one via

LH([qa q]) = L(q: q) )

and similarly for the reduced external force.
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Reduction
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Forced Hamilton equations

© A forced Hamiltonian system is a pair (H, 3), where
B = Bi(q, p)dq’ is a semibasic 1-form on T*Q.

¢ The forced dynamical vector field Xy g is given by

OH 0 OH 0
Xup = ( 5:’)

opiog \og' ') opi

© lIts integral curves satisfy the forced Hamilton equations:

dg' _ oM

dt 8p,-’

dp,- - oH

a - ag P
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Standard Hamilton-Jacobi problem

¢ The Hamilton-Jacobi problem consists in finding a generating
function S on @ such that

© Geometrically, this equation can be written as
d(Hov) =0,

with v = dS a 1-form on Q.
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Geometric Hamilton-Jacobi problem

T*Q

Y TQ Tmg

~ X"}’ ~

Q - TqQ
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Hamilton-Jacobi problem for (H, )

Let vy be a closed 1-form on Q. Then the following conditions are
equivalent:

o d(H 07) = _’Y*ﬂ’

a .
© L+ BT froy=0, i=l..n

@ ifo: R — Q@ is an integral curve ofX,Y,ﬁ, then v o o is an integral
curve of Xy g;

If ~v satisfies these conditions, it is called a solution of the Hamilton-Jacobi
problem for (H, 3).
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Complete solutions |

°* Amap ®: Q xR" — T*Q is called complete solution of the
Hamilton-Jacobi problem for (H, 3) if

@ & is a local diffeomorphism,
@ for any A = (A1,...,A,) € R", the map

P, : Q— T*Q
q— (’D)\(q) = q)(q’ )\1;-~-,)\n)

is a solution of the Hamilton-Jacobi problem for (H, 3).
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Complete solutions Il

¢ Consider the functions given by

fo=m,0071: T"Q = R,

where 7, denotes the projection over the a-th component of R”.

© The functions f; are constants of the motion. Moreover, they are in
involution, i.e.,

{fo,f} =0
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e Consider a n-dimensional forced Hamiltonian system (H, /3), with

1 n n
H=3>>pf  B=) ripda;
i=1 =1l

® A complete solution of the Hamilton-Jacobi problem is

n
‘D)\ = Z)\,-e_“"q'dq’,
i=1
. . . . P
with local generating function Sy = — 3 7 fle™ ™7,
® The functions
f, = e p,, a=1,...,n.

are constants of the motion in involution.
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Reduction and reconstruction of the Hamilton-Jacobi
problem

¢ Let (H, ) be a forced Hamiltonian system on T*Q.

® Let G be a Lie group that acts freely and properly on Q, and on T*Q
by the cotangent lift action.

© Suppose that this action preserves H and /.

¢ Then, we can iptroduce a reduced Hamiltonian A and a reduced
external force § on T*(Q/G).

© If v is a G-invariant solution of the Hamilton-Jacobi problem for
(H, 3), then it induces a solution % of the Hamilton-Jacobi problem
for (H,53).

¢ Conversely, we can reconstruct v from 4.
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Example (Calogero-Moser system with a linear Rayleigh force)

* Consider a forced Hamiltonian system (H, 3) on T*R?, where

H:;<P>2<+P)2/+(X_ly)2)a B = (px + py)(dx — dy).

Consider the action ® (t,(x,y)) = (t + x, t + y) of R on R?.
Clearly, (H, ) is invariant under ®7". The momentum map is
J(x,¥, Px, Py) = Px + py-

We can identify J~1(x)/R with R2, with coordinates (g, p) and the
natural projection 7 : (x,y,p,u —p) — (x — y, p).

* 4y = dSy ~ 7\ = dS,, where the generating functions are
3()—12 L + A Sa(x,y) = Sa( )+
=g — x,y) = S\(x — .
g 2q 2Mq q, X, Y A y wuy
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