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Motivation

External forces appear in many dynamical systems:
¢ systems with dissipation or friction,
© control forces,

* nonholonomic Caplygin systems.
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Symplectic structure on TQ induced by the Lagrangian

® Let Q be an n-dimensional differentiable manifold with local
coordinates (q').

¢ The vertical endomorphism S : T(TQ) — T(TQ) is given by
o .
S = = d I.
ag = 9

Consider a Lagrangian function L on TQ.

The Poincaré-Cartan forms are given by

0L = 5*(dL), wp = —dHL.

Hereinafter, L will be assumed to be regular, i.e., w; is symplectic.
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* A second order differential equation (SODE) is locally of the form

£= a -+ (', q)
¢ Clearly, ¢ is a SODE if and only if
5(8) =

where A = q"a%,-is the Liouville vector field.

* A solution of a SODE ¢ is a curve o(t) = (q'(t)) on @ such that its
canonical lift to TQ is an integral curve of £, given by

d?q’ dg
—_ = 1<i<n.
dt? 5( dt) =h=n
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Forced Euler-Lagrange equations

© An external force is represented by a semibasic 1-form « on TQ, i.e.,
a(Z) = 0 for any vertical vector field Z on TQ.

° Locally, '
a = «ai(q, q) dq".
® The dynamics is determined by the forced Euler-Lagrange vector
field &, ,, given by
Lg JWL = dE; + «,
where E; = A(L) — L.
® {1« is a SODE, with solutions given by the forced Euler-Lagrange
equations:

d /oL oL
— (== ) - =— = —aj, <i<n.
T (86]’) aq « 1<i<n
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Vertical and complete lifts of a vector field

¢ Consider a vector field X on Q locally given by

;0

X - XI—..
oq'

° Its vertical lift is the vector field XV on TQ given by

;0
XV - X’—..
o4’

* Its complete lift is the vector field X¢ on TQ given by
;0 0X' 0
Xc - XI—. ¢ -
o T og oy
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Rayleigh forces

° An Rayleigh force is an external force of the form
8R
R=S*(dR) = == - dg i

where R : TQ — R is the Rayleigh potential or Rayleigh
dissipation function.

© R expresses the energy dissipated away by the system:

%EL o O'(t) - _A(R) o G'(t),

with o an integral curve of ¢, g.
© Rayleigh considered only forces linear in the velocities, namely,

1
R =5Ri(q)q'd.
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Dissipative bracket

Definition

The dissipative bracket of a pair of functions f and g on (TQ,w;) is
given by
oL \ ' of og

¢ It is bilinear and symmetric
o It satisfies the Leibniz rule:

[fg, h] = [f, hlg + flg, h]
¢ f is a constant of the motion of (L, R) iff
{f,E.} —[f,R]=0.
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Noether theorem

Theorem (Noether's theorem for forced Lagrangian systems)

Let X be a vector field on Q. Then X°(L) = a(X€) if and only if XV(L) is
a constant of the motion.

© A vector field X on Q@ satisfying these conditions is called a
symmetry of the forced Lagrangian (L, «).

© For a Rayleigh system (L, R), this is equivalent to

X<(L) = X"(R).
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Example (Fluid resistance)

e Consider a body of mass m moving along 1 dimension through a fluid
that fully encloses it.

® The Rayleigh potential associated to the drag force is

. 1 . 1 5
R—Eq, k—ECAp, L—2mq.

® Consider the vector field

X = ekQ/mé'

dq
® X¢(L)=XY(R) = XY(L) = mekq/mc'] is a constant of the motion.
® When k =0, X is the generator of translations and the conservation
of momentum is recovered.
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Other point-like symmetries |

° A Lie symmetry is a vector field X on Q such that
(X €Lal = Lx<€1,a =0
o If Lxc0; is closed, then X is a Lie symmetry if and only if
Lxca = —d(X(EL)).
* A Noether symmetry is a vector field X on @ such that
Lxc0p = df, X(EL) + a(X) =0.

o If Lx<0; = df, then X is a Noether symmetry if and only if
f — XY(L) is a conserved quantity.
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Other point-like symmetries ||

© For a Rayleigh system (L, R), if Lx<0; = df, then X is a Noether
symmetry if and only if

XE(EL) + X“(R) = 0.

o If X is a Noether symmetry, it is also a symmetry of the forced
Lagrangian if and only if Lx<6; = 0.

o If X is a Noether symmetry, it is also a Lie symmetry if and only if

txeda = 0.
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Non-point-like symmetries |

A vector field X on TQ is called a dynamical symmetry if

[5(7 £L,a] =0.

A vector field X on TQ is called a Cartan symmetry if

L0 =df,  X(E))+a(X)=0

X is a Lie symmetry if and only if X is a dynamical symmetry.

¢ X is a Noether symmetry if and only if X€ is a Cartan symmetry.
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Non-point-like symmetries |l

© If L0, is closed, then X is a dynamical symmetry if and only if
d(X(EL)) = —Lxa.
¢ A Cartan symmetry is a dynamical symmetry if and only if
tgda = 0.

¢ If Lgb, = df, then X is a Cartan symmetry if and only if
f —(SX)(L) is a constant of the motion.

* For a Rayleigh system (L, R), X is a Cartan symmetry if and only if

X(EL) + (SX)(R) = 0.
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¢ Consider a Lie group action of G on Q and the lifted action on TQ.
© Assume the G-action to be free and proper.
¢ Consider a G-invariant regular Lagrangian L on TQ.

¢ The natural momentum map is given by

J:TQ —g¢"
(J(x), &) = 0.(£Q)

for each € € g.
® For each £ € g, we can introduce a function on TQ:

S TQ—-R
x = (J(x),€)
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Lemma

Consider a forced Lagrangian system (L, ). Let & € g. Then
@ J¢ is a conserved quantity if and only if

a(&p) = 0.

@ If the previous equation holds, then £ leaves « invariant if and only if
Lgada =0.
In addition, the vector subspace of g given by

g = {6 €9 a(€§) = 0, 1e5da =0}

is a Lie subalgebra of g.
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Consider a gq-invariant forced Lagrangian system (L,«) on TQ. Let
w € gh. Then:

@ The quotient space (TQ), = Jy1(11)/(Ga), is endowed with an
induced symplectic structure w,,, given by

Wy = Wi,
where 7, : Iy (p) = (TQ), and iy : It (p) = TQ.
@ The reduced Lagrangian L, is given by
Lyomy,=Loi,.

@ The reduced external force o, is given by

* _ %
0y = 1,0
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Forced Hamilton equations

° As it is well-known, T*Q is endowed with a canonical symplectic form
w@ = —dfg, where g = pidq' in Darboux coordinates.

© A forced Hamiltonian system is a pair (H, 3), where § is a
semibasic 1-form on T*Q.

¢ The forced dynamical vector field Xy 3 is given by
txy W@ = dH + 3.

¢ Its integral curves satisfy the forced Hamilton equations:

dg’  OH

At — ap;’

dp,- . oH

dat - oq Bi-
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Standard Hamilton-Jacobi problem

¢ The Hamilton-Jacobi problem consists in finding a generating
function S on Q such that

¢ Geometrically, this equation can be written as
d(Ho~) =0,

with v = dS a sectionof 1o : T"Q — Q.
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~ X"Y ~

Q - TqQ
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Hamilton-Jacobi problem for (H, )

Let v be a closed 1-form on Q. Then the following conditions are
equivalent:

©® d(Hov) = -5,

@ ifo: R — Q@ is an integral curve ofX,"_’,’ﬁ, then v o o is an integral

curve of Xy g;

@ Im~ is a Lagrangian submanifold of T*Q and Xy g is tangent to it.
If v satisfies these conditions, it is called a solution of the Hamilton-Jacobi
problem for (H, 3).
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Complete solutions |

* Amap ®: Q@ xR"— T*Q is called complete solution of the
Hamilton-Jacobi problem for (H, ) if

@ & is a diffeomorphism,
@ for any A = (A1,...,An) € R”, the map

P, : Q— T*Q
q— q))\(q) = ¢(q’ )‘la"")‘n)

is a solution of the Hamilton-Jacobi problem for (H, 3).
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Complete solutions Il

¢ Consider the functions given by

fo=ma0071: T*Q - R,

where 7, denotes the projection over the a-th component of R”.

© The functions f; are constants of the motion. Moreover, they are in
involution, i.e.,

{fa,fp} =0
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Consider a n-dimensional forced Hamiltonian system (H, 3), with
1¢- 2 : 2
HZEZPH B:Z/‘iipid%
i=1 i=1

The functions
f, = e p,, a=1,...,n.

are constants of the motion in involution. The 1-form v on Q given by

n o
v = Z /\;e_“’qldq’
i=1

is a complete solution of the Hamilton-Jacobi problem.

Asier Lépez Gordén (ICMAT)
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Reduction and reconstruction of the Hamilton-Jacobi
problem

¢ Let (H, ) be a forced Hamiltonian system on T*Q.

® Let G be a Lie group that acts freely and properly on Q, and on T*Q
by the cotangent lift action.

© Suppose that this action preserves H and /.

¢ Then, we can iptroduce a reduced Hamiltonian A and a reduced
external force § on T*(Q/G).

¢ If v is a G-invariant solution of the Hamilton-Jacobi problem for
(H, 3), then it induces a solution % of the Hamilton-Jacobi problem
for (H, ).

¢ Conversely, we can reconstruct v from 7.
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Example (Calogero-Moser system with a linear Rayleigh force)

e Consider a forced Hamiltonian system (H, R) on T*R?, where

H= % <p§+p§+(x_1y)2> . R=(p«+py)(dx —dy).

* Consider the action ® (t,(x,y)) = (t + x, t + y) of R on R?.

e Clearly, (H, R) is invariant under ®7". The momentum map is
J(x, ¥, Px; Py) = Px + Py

® We can identify J~1(u)/R with R?, with coordinates (g, p) and the
natural projection 7 : (x,y,p,u — p) — (x — y, p).

e 5, = d5y ~ 7, = dS\, where the generating functions are

1 .
_ -2 — _
Sx(q) = 29~ 24 + Ag, Sa(x,y) = Sa(x —y) + py.

Asier Lépez Gordén (ICMAT)
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Caplygin systems

» A Caplygin system is a nonholonomic mechanical system such that:

@ Q is a fibred manifold, say p: @ — N, over a manifold N;

@ the constraints are provided by the horizontal distribution of an
Ehresmann connection [ in p;

@ the Lagrangian L: TQ — R is l-invariant.

 Take coordinates (g2, g') on Q such that p(q?, q') = (q?).

* Let (L,T) be a Caplygin system on TQ. Let 9% be the curvature of I".
Then,

. i i oL . i
é(qav qa) =L <qaa q aqav _raqa) ) a = (a_q, bi}iab) dqba

is a forced Lagrangian system on TN equivalent to (L, T).
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Lagrange-D'Alembert principle

¢ The dynamics g(t) of the forced Lagrangian system (L, «) can be
obtained from

5 [ tatona(e) ae [ aate)a(e) -sa(e) ae =o

where § denotes variations vanishing at the endpoints.

© This leads to the forced Euler-Lagrange equations:

i(ﬂ>_%__. 1<i<n
at \agi)  aq M t=I=m
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Discrete Lagrangian mechanics |

¢ The continuous objects are now replaced by their discrete
counterparts:

TR~ Q@ xQ
L*\»I_dZQXQ—)R
anfy=(f],£;) €Q(Q % Q)

q(t) ~ {ak}ho € QM
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Discrete Lagrangian mechanics |l

¢ The dynamics is given by the discrete Lagrange-d’'Alembert

principle:
N-1 N-1
5> La(qu qrs1) + Y [fd_ (9K, Grr1) Oqk + £ (qk,qk+1)5q/<+1] =0,
k=0 k=0

for all variations d vanishing at the endpoints.

© It leads to the forced discrete Euler-Lagrange equations:

DoLg (qk-1, k) + D1La (qk: Grs1) + 15 (Gk—1, Gk) + 5 (Gks Grs1) = 0.
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Discrete Lagrangian mechanics |ll

¢ The exact discrete Lagrangian and external forces are

L5 (@) = [ Lae),4(0) d,

tj

fit (a5, qj1) = _/tj+1 a(q(t), g(t)) - aq.(t) dt,

tj
_ i1 t
fr (a,q41) = —/ ( )

tj

dt.
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In practice, one takes an approximation of the integrals above.

Example (Midpoint rule)

Let L = L(q,§g) and a = a(q, ) be a forced continuous Lagrangian
system. Then,

1 + —
Lé(qo,ql):hL<qo @ qo>’
2 h
l+ 1_ + _
fd2 (QO;(h) = f-d2 (qO;Ch) =—ha (qo 2 ql) ik h qo) )

where h is a fixed time step.
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Definition

A discrete force fy = (£, ) is Rayleigh if there exists a function Ry on
Q x Q such that

fd_(q07 ql) = Dle(QO, q1)7 fj—(q07 ql) = _D2Rd(q07 ql)

Ry is called the discrete Rayleigh potential.

Example (midpoint rule)

Suppose that R is a homogeneous Rayleigh potential, i.e., R = R(q).
Then,

i h . g1—q
Rczl(quql):ER(q: 1h °>

is a discrete Rayleigh potential.
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Variational integrators > classical numerical integrators
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Discrete Hamilton equations |

® The forced discrete Legendre transforms define the following
momenta:
piv1 = DaLa (g, qj1) + £ (a5, @j41)

pi = —Di1lq(qj, qj+1) — 5 (q), qj+1) -
° We can define the right discrete Hamiltonian:
H (g5, pj+1) = pir19j+1 — La (g, gjs1)

¢ The discrete action is

N—-1 N—-1
SYHah) = - Lala 1) = X [pivagier — Hy (a5, pjs1)]
=0 =
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Discrete Hamilton equations |l

¢ From the discrete Lagrange-d’Alembert principle, one can derive the
forced right discrete Hamilton equations:

opj+1
[qj—|—1 — D2Hj (q_[7pj+1)} BjSl = —fc;l—(q.la q.i+1)7

pj = DiHy (g5, pjr1) — fy (g5, Gj41) -

Asier Lépez Gordén (ICMAT) Forced Hamiltonian and Lagrangian systems GMC Seminar 39 /47



Introduction Symmetries Reduction Hamilton-Jacobi problem Discretization

[e]e]e]e] 00000800000

Forced discrete Hamilton-Jacobi theory

* Consider the discrete flow ]-'c’," (g5, pj) = (Gj+1, pj+1). Let
FHT*Qx Q)= T*(Q x Q)
(9j-1 G}, Pj—1, ;) > (G}, Gj+1, Pjis Pj+1) -

¢ Idea: define a section v on T*(Q x Q) and a discrete flow
(.F(’,")’y QX Q@ = Q x Q such that the following diagram commutes:
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Fi

T(Q x Q) > T(Q x Q)

TRXQ 0 0 TAxQ

(Fa')”
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7'
(¢j-1,45:Pj—1,D;) » (455 9415 Pj> Pjt1)
TexQ | |7 | |Texe
(Fd)?

(gj-1,95) > (g5, 95+1)
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Forced discrete Hamilton-Jacobi theorem |

© Let us introduce the following mappings

vt = DSdo7r2+fd+ QX Q=T
(g, qj+1) = (gj+1, Pj+1),
Fr:QxQ—Q
FHq-1,q5) = D2Hy (97,7 (), F " (gj-1,9)))
— £ (@ F (91, 9)) [Py (a5, F (a5-1,))]
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Forced discrete Hamilton-Jacobi theorem Il

Suppose that

@ S, and vy satisfy the forced right discrete H-J equation:
S (g+1) — S (@) = v (a5, g+1) @1 + Hy (g5, (07, g541)) = O,
@ the sequence of points {ck}f(vzo C Q satisfies
k1 = F(Ck-1, ck)-
Then, the set of points {(ck, pk)},':lzo C T*Q with

Pk+1 = ’Y+(Qk—1, Qk)

is a solution of the forced right discrete Hamilton equations.
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U Fernandez, S E. G. Zurita, and S, Grillo, "Error analysis of forced
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pp. 3814-3846, Jul. 2018,

——— "Variational order for forced Lagrangian systems IlI.
Euler-Poincaré equations with forcing”, "onlinearity vol 28 no o
pp. 3709-3738, Jun. 2020.

1. Ohsawa, A M. Bloch, and M. Leok, “Discrete Hamilton-Jacobi
Theory”, SIAM J. Control Optim., vol. 49, no. 4, pp. 1829-1856,
Jan. 2011.

R T Sato Martin de Almagro, “Discrete Mechanics for Forced and
Constrained Systems”, | hecis Universidad Complutense de Wadnd,
Madrid, Espana, Mar. 2020.
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Thank you!
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