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Motivation

External forces appear in many dynamical systems:
• systems with dissipation or friction,
• control forces,
• nonholonomic Čaplygin systems.
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Symplectic structure on TQ induced by the Lagrangian

• Let Q be an n-dimensional differentiable manifold with local
coordinates (qi).

• The vertical endomorphism S : T (TQ) → T (TQ) is given by

S = ∂

∂q̇i ⊗ dqi .

• Consider a Lagrangian function L on TQ.
• The Poincaré-Cartan forms are given by

θL = S∗(dL), ωL = −dθL.

• Hereinafter, L will be assumed to be regular, i.e., ωL is symplectic.
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SODEs

• A second order differential equation (SODE) is locally of the form

ξ = q̇i ∂

∂qi + ξi(qi , q̇i) ∂

∂q̇i .

• Clearly, ξ is a SODE if and only if

S(ξ) = ∆,

where ∆ = q̇i ∂
∂q̇i is the Liouville vector field.

• A solution of a SODE ξ is a curve σ(t) = (qi(t)) on Q such that its
canonical lift to TQ is an integral curve of ξ, given by

d2qi

dt2 = ξi
(

qi ,
dqi

dt

)
, 1 ≤ i ≤ n.
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Forced Euler-Lagrange equations

• An external force is represented by a semibasic 1-form α on TQ, i.e.,
α(Z ) = 0 for any vertical vector field Z on TQ.

• Locally,
α = αi(q, q̇) dqi .

• The dynamics is determined by the forced Euler-Lagrange vector
field ξL,α, given by

ιξL,α
ωL = dEL + α,

where EL = ∆(L) − L.
• ξL,α is a SODE, with solutions given by the forced Euler-Lagrange

equations:

d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi = −αi , 1 ≤ i ≤ n.
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Vertical and complete lifts of a vector field

• Consider a vector field X on Q locally given by

X = X i ∂

∂qi .

• Its vertical lift is the vector field X v on TQ given by

X v = X i ∂

∂q̇i .

• Its complete lift is the vector field X c on TQ given by

X c = X i ∂

∂qi + q̇j ∂X i

∂qj
∂

∂q̇i .
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Rayleigh forces

• An Rayleigh force is an external force of the form

R̄ = S∗(dR) = ∂R
∂q̇i dqi ,

where R : TQ → R is the Rayleigh potential or Rayleigh
dissipation function.

• R expresses the energy dissipated away by the system:
d
dt EL ◦ σ(t) = −∆(R) ◦ σ(t),

with σ an integral curve of ξL,R̄ .
• Rayleigh considered only forces linear in the velocities, namely,

R = 1
2Rij(q)q̇i q̇j .
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Dissipative bracket

Definition
The dissipative bracket of a pair of functions f and g on (TQ, ωL) is
given by

[f , g ] := (SXf )(g) =
(

∂2L
∂q̇i∂q̇j

)−1
∂f
∂q̇i

∂g
∂q̇j .

• It is bilinear and symmetric
• It satisfies the Leibniz rule:

[fg , h] = [f , h]g + f [g , h]

• f is a constant of the motion of (L, R) iff

{f , EL} − [f , R] = 0.
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Noether theorem

Theorem (Noether’s theorem for forced Lagrangian systems)

Let X be a vector field on Q. Then X c(L) = α(X c) if and only if X v (L) is
a constant of the motion.

• A vector field X on Q satisfying these conditions is called a
symmetry of the forced Lagrangian (L, α).

• For a Rayleigh system (L, R), this is equivalent to

X c(L) = X v (R).
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Example (Fluid resistance)
• Consider a body of mass m moving along 1 dimension through a fluid

that fully encloses it.
• The Rayleigh potential associated to the drag force is

R = k
3 q̇3, k = 1

2CAρ; L = 1
2mq̇2.

• Consider the vector field

X = ekq/m ∂

∂q .

• X c(L) = X v (R) =⇒ X v (L) = mekq/mq̇ is a constant of the motion.
• When k = 0, X is the generator of translations and the conservation

of momentum is recovered.
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Other point-like symmetries I

• A Lie symmetry is a vector field X on Q such that

[X c , ξL,α] = LX c ξL,α = 0

• If LX c θL is closed, then X is a Lie symmetry if and only if

LX c α = −d(X c(EL)).

• A Noether symmetry is a vector field X on Q such that

LX c θL = df , X c(EL) + α(X c) = 0.

• If LX c θL = df , then X is a Noether symmetry if and only if
f − X v (L) is a conserved quantity.
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Other point-like symmetries II

• For a Rayleigh system (L, R), if LX c θL = df , then X is a Noether
symmetry if and only if

X c(EL) + X v (R) = 0.

• If X is a Noether symmetry, it is also a symmetry of the forced
Lagrangian if and only if LX c θL = 0.

• If X is a Noether symmetry, it is also a Lie symmetry if and only if

ιX c dα = 0.
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Non-point-like symmetries I

• A vector field X̃ on TQ is called a dynamical symmetry if

[X̃ , ξL,α] = 0.

• A vector field X̃ on TQ is called a Cartan symmetry if

LX̃ θL = df , X̃ (EL) + α(X̃ ) = 0

• X is a Lie symmetry if and only if X c is a dynamical symmetry.
• X is a Noether symmetry if and only if X c is a Cartan symmetry.
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Non-point-like symmetries II

• If LX̃ θL is closed, then X̃ is a dynamical symmetry if and only if

d(X̃ (EL)) = −LX̃ α.

• A Cartan symmetry is a dynamical symmetry if and only if

ιX̃ dα = 0.

• If LX̃ θL = df , then X̃ is a Cartan symmetry if and only if
f − (SX̃ )(L) is a constant of the motion.

• For a Rayleigh system (L, R), X̃ is a Cartan symmetry if and only if

X̃ (EL) + (SX̃ )(R) = 0.
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Momentum map

• Consider a Lie group action of G on Q and the lifted action on TQ.
• Assume the G-action to be free and proper.
• Consider a G-invariant regular Lagrangian L on TQ.
• The natural momentum map is given by

J : TQ → g∗

⟨J(x), ξ⟩ = θL(ξc
Q)

for each ξ ∈ g.
• For each ξ ∈ g, we can introduce a function on TQ:

Jξ : TQ → R
x 7→ ⟨J(x), ξ⟩
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Lemma
Consider a forced Lagrangian system (L, α). Let ξ ∈ g. Then

1 Jξ is a conserved quantity if and only if

α(ξc
Q) = 0.

2 If the previous equation holds, then ξ leaves α invariant if and only if

ιξc
Q
dα = 0.

In addition, the vector subspace of g given by

gα =
{

ξ ∈ g | α(ξc
Q) = 0, ιξc

Q
dα = 0

}
is a Lie subalgebra of g.
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Theorem
Consider a gα-invariant forced Lagrangian system (L, α) on TQ. Let
µ ∈ g∗

α. Then:
1 The quotient space (TQ)µ := J−1

α (µ)/(Gα)µ is endowed with an
induced symplectic structure ωµ, given by

π∗
µωµ = i∗

µωL,

where πµ : J−1
α (µ) → (TQ)µ and iµ : J−1

α (µ) ↪→ TQ.
2 The reduced Lagrangian Lµ is given by

Lµ ◦ πµ = L ◦ iµ.

3 The reduced external force αµ is given by

π∗
µαµ = i∗

µα.
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Forced Hamilton equations

• As it is well-known, T ∗Q is endowed with a canonical symplectic form
ωQ = −dθQ, where θQ = pidqi in Darboux coordinates.

• A forced Hamiltonian system is a pair (H, β), where β is a
semibasic 1-form on T ∗Q.

• The forced dynamical vector field XH,β is given by

ιXH,β
ωQ = dH + β.

• Its integral curves satisfy the forced Hamilton equations:

dqi

dt = ∂H
∂pi

,

dpi
dt = − ∂H

∂qi − βi .
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Standard Hamilton-Jacobi problem

• The Hamilton-Jacobi problem consists in finding a generating
function S on Q such that

H
(

qi ,
∂S
∂qi

)
= E .

• Geometrically, this equation can be written as

d (H ◦ γ) = 0,

with γ = dS a section of πQ : T ∗Q → Q.
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Geometric Hamilton-Jacobi problem

T ∗Q TT ∗Q

Q TQ

XH,β

πQ TπQ

XγH,β

γ

Asier López Gordón (ICMAT) Forced Hamiltonian and Lagrangian systems GMC Seminar 22 / 47



Introduction Symmetries Reduction Hamilton-Jacobi problem Discretization

Hamilton-Jacobi problem for (H , β)

Theorem

Let γ be a closed 1-form on Q. Then the following conditions are
equivalent:

1 d(H ◦ γ) = −γ∗β,

2 if σ : R → Q is an integral curve of Xγ
H,β, then γ ◦ σ is an integral

curve of XH,β;
3 Im γ is a Lagrangian submanifold of T ∗Q and XH,β is tangent to it.

If γ satisfies these conditions, it is called a solution of the Hamilton-Jacobi
problem for (H, β).
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Complete solutions I

• A map Φ : Q × Rn → T ∗Q is called complete solution of the
Hamilton-Jacobi problem for (H, β) if

1 Φ is a diffeomorphism,
2 for any λ = (λ1, . . . , λn) ∈ Rn, the map

Φλ : Q → T ∗Q
q 7→ Φλ(q) = Φ(q, λ1, . . . , λn)

is a solution of the Hamilton-Jacobi problem for (H, β).
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Complete solutions II

• Consider the functions given by

fa = πa ◦ Φ−1 : T ∗Q → R,

where πa denotes the projection over the a-th component of Rn.
• The functions fa are constants of the motion. Moreover, they are in

involution, i.e.,
{fa, fb} = 0
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Example
Consider a n-dimensional forced Hamiltonian system (H, β), with

H = 1
2

n∑
i=1

p2
i , β =

n∑
i=1

κip2
i dqi .

The functions
fa = eκaqapa, a = 1, . . . , n.

are constants of the motion in involution. The 1-form γ on Q given by

γ =
n∑

i=1
λie−κi qi dqi

is a complete solution of the Hamilton-Jacobi problem.
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Reduction and reconstruction of the Hamilton-Jacobi
problem

• Let (H, β) be a forced Hamiltonian system on T ∗Q.
• Let G be a Lie group that acts freely and properly on Q, and on T ∗Q

by the cotangent lift action.
• Suppose that this action preserves H and β.
• Then, we can introduce a reduced Hamiltonian H̃ and a reduced

external force β̃ on T ∗(Q/G).
• If γ is a G-invariant solution of the Hamilton-Jacobi problem for

(H, β), then it induces a solution γ̃ of the Hamilton-Jacobi problem
for (H̃, β̃).

• Conversely, we can reconstruct γ from γ̃.
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Example (Calogero-Moser system with a linear Rayleigh force)
• Consider a forced Hamiltonian system (H, R̃) on T ∗R2, where

H = 1
2

(
p2

x + p2
y + 1

(x − y)2

)
, R̃ = (px + py )(dx − dy).

• Consider the action Φ (t, (x , y)) = (t + x , t + y) of R on R2.
• Clearly, (H, R̃) is invariant under ΦT ∗ . The momentum map is

J(x , y , px , py ) = px + py .
• We can identify J−1(µ)/R with R2, with coordinates (q, p) and the

natural projection π : (x , y , p, µ − p) 7→ (x − y , p).
• γ̃λ = dS̃λ ; γλ = dSλ, where the generating functions are

S̃λ(q) = 1
2q2 − 1

2µq + λq, Sλ(x , y) = S̃λ(x − y) + µy .
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Čaplygin systems

• A Čaplygin system is a nonholonomic mechanical system such that:
1 Q is a fibred manifold, say ρ : Q −→ N, over a manifold N;
2 the constraints are provided by the horizontal distribution of an

Ehresmann connection Γ in ρ;
3 the Lagrangian L : TQ −→ R is Γ-invariant.

• Take coordinates (qa, qi) on Q such that ρ(qa, qi) = (qa).
• Let (L, Γ) be a Čaplygin system on TQ. Let R be the curvature of Γ.

Then,

ℓ(qa, q̇a) = L
(
qa, qi , q̇a, −Γi

aq̇a
)

, α =
(

∂L
∂q̇i q̇bRi

ab

)
dqb,

is a forced Lagrangian system on TN equivalent to (L, Γ).
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Lagrange-D’Alembert principle

• The dynamics q(t) of the forced Lagrangian system (L, α) can be
obtained from

δ

∫ T

0
L(q(t), q̇(t)) dt −

∫ T

0
α(q(t), q̇(t)) · δq(t) dt = 0,

where δ denotes variations vanishing at the endpoints.
• This leads to the forced Euler-Lagrange equations:

d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi = −αi , 1 ≤ i ≤ n.
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Discrete Lagrangian mechanics I

• The continuous objects are now replaced by their discrete
counterparts:

TQ ; Q × Q
L ; Ld : Q × Q → R

α ; fd =
(
f +
d , f −

d

)
∈ Ω1(Q × Q)

q(t) ; {qk}N
k=0 ∈ QN+1
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Discrete Lagrangian mechanics II

• The dynamics is given by the discrete Lagrange-d’Alembert
principle:

δ
N−1∑
k=0

Ld (qk , qk+1) +
N−1∑
k=0

[
f −
d (qk , qk+1) δqk + f +

d (qk , qk+1) δqk+1
]

= 0,

for all variations δk vanishing at the endpoints.
• It leads to the forced discrete Euler-Lagrange equations:

D2Ld (qk−1, qk)+D1Ld (qk , qk+1)+f +
d (qk−1, qk)+f −

d (qk , qk+1) = 0.
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Discrete Lagrangian mechanics III

• The exact discrete Lagrangian and external forces are

Lex
d (qj , qj+1) =

∫ tj+1

tj
L(q(t), q̇(t)) dt,

f E+
d (qj , qj+1) = −

∫ tj+1

tj
α(q(t), q̇(t)) · ∂q(t)

∂qj+1
dt,

f E−
d (qj , qj+1) = −

∫ tj+1

tj
α(q(t), q̇(t)) · ∂q(t)

∂qj
dt.
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Discrete Lagrangian mechanics IV

• In practice, one takes an approximation of the integrals above.

Example (Midpoint rule)
Let L = L(q, q̇) and α = α(q, q̇) be a forced continuous Lagrangian
system. Then,

L
1
2
d (q0, q1) = h L

(q0 + q1
2 ,

q1 − q0
h

)
,

f
1
2 +

d (q0, q1) = f
1
2 −

d (q0, q1) = −h α

(q0 + q1
2 ,

q1 − q0
h

)
,

where h is a fixed time step.
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Discrete Rayleigh forces

Definition
A discrete force fd = (f −

d , f +
d ) is Rayleigh if there exists a function Rd on

Q × Q such that

f −
d (q0, q1) = D1Rd(q0, q1), f +

d (q0, q1) = −D2Rd(q0, q1).

Rd is called the discrete Rayleigh potential.

Example (midpoint rule)
Suppose that R is a homogeneous Rayleigh potential, i.e., R = R(q̇).
Then,

R
1
2
d (q0, q1) = h

2R
(

q̇ = q1 − q0
h

)
is a discrete Rayleigh potential.
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Variational integrators ≫ classical numerical integrators

Benchmark ○ Variational midpoint ◆ Runge-Kutta
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Introduction Symmetries Reduction Hamilton-Jacobi problem Discretization

Discrete Hamilton equations I

• The forced discrete Legendre transforms define the following
momenta:

pj+1 = D2Ld (qj , qj+1) + f +
d (qj , qj+1) ,

pj = −D1Ld (qj , qj+1) − f −
d (qj , qj+1) .

• We can define the right discrete Hamiltonian:

H+
d (qj , pj+1) = pj+1qj+1 − Ld (qj , qj+1) ,

• The discrete action is

SN
d ({qj}) =

N−1∑
j=0

Ld (qj , qj+1) =
N−1∑
j=0

[
pj+1qj+1 − H+

d (qj , pj+1)
]

Asier López Gordón (ICMAT) Forced Hamiltonian and Lagrangian systems GMC Seminar 38 / 47



Introduction Symmetries Reduction Hamilton-Jacobi problem Discretization

Discrete Hamilton equations II

• From the discrete Lagrange-d’Alembert principle, one can derive the
forced right discrete Hamilton equations:

[
qj+1 − D2H+

d (qj , pj+1)
] ∂pj+1

∂qj+1
= −f +

d (qj , qj+1),

pj = D1H+
d (qj , pj+1) − f −

d (qj , qj+1) .
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Forced discrete Hamilton-Jacobi theory

• Consider the discrete flow FH
d : (qj , pj) 7→ (qj+1, pj+1). Let

F̃H
d : T ∗(Q × Q) → T ∗(Q × Q)

(qj−1, qj , pj−1, pj) 7→ (qj , qj+1, pj , pj+1) .

• Idea: define a section γ on T ∗(Q × Q) and a discrete flow(
FH

d

)γ
: Q × Q → Q × Q such that the following diagram commutes:
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T ∗(Q×Q) T ∗(Q×Q)

Q×Q Q×Q

F̃Hd

πQ×Q πQ×Qγ

(FHd )γ

γ
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(qj−1, qj , pj−1, pj) (qj , qj+1, pj , pj+1)

(qj−1, qj) (qj , qj+1)

F̃Hd

πQ×Q πQ×Qγ

(FHd )γ

γ
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Forced discrete Hamilton-Jacobi theorem I

• Let us introduce the following mappings

γ+ := DSd ◦ π2 + f +
d : Q × Q → T ∗Q

(qj , qj+1) 7→ (qj+1, pj+1),
F+ : Q × Q → Q
F+(qj−1, qj) := D2H+

d
(
qj , γ+(qj , F+(qj−1, qj))

)
− f +

d
(
qj , F+(qj−1, qj)

) [
D2γ+(qj , F+(qj−1, qj))

]−1
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Forced discrete Hamilton-Jacobi theorem II
Theorem
Suppose that

1 Sd and γ+ satisfy the forced right discrete H-J equation:

S j+1
d (qj+1) − S j

d (qj) − γ+(qj , qj+1)qj+1 + H+
d
(
qj , γ+(qj , qj+1)

)
= 0,

2 the sequence of points {ck}N
k=0 ⊂ Q satisfies

ck+1 = F+(ck−1, ck).

Then, the set of points {(ck , pk)}N
k=0 ⊂ T ∗Q with

pk+1 = γ+(qk−1, qk)

is a solution of the forced right discrete Hamilton equations.
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References for Discretization I

M. de León and C. Sardón, “Geometry of the discrete
Hamilton-Jacobi equation: Applications in optimal control”, Reports
on Mathematical Physics, vol. 81, no. 1, pp. 39–63, Feb. 2018.
J. Fernández, S. E. G. Zurita, and S. Grillo, “Error analysis of forced
discrete mechanical systems”, JGM, vol. 13, no. 4, p. 533, 2021.
M. de León, M. Lainz, and A. L.-G., “Discrete Hamilton-Jacobi
theory for systems with external forces”, J. Phys. A: Math. Theor.,
2022.
J. E. Marsden and M. West, “Discrete mechanics and variational
integrators”, Acta Numerica, vol. 10, pp. 357–514, May 2001.
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References for Discretization II

D. Martín de Diego and R. T. Sato Martín de Almagro, “Variational
order for forced Lagrangian systems”, Nonlinearity, vol. 31, no. 8,
pp. 3814–3846, Jul. 2018.
——,“Variational order for forced Lagrangian systems II.
Euler-Poincaré equations with forcing”, Nonlinearity, vol. 33, no. 8,
pp. 3709–3738, Jun. 2020.
T. Ohsawa, A. M. Bloch, and M. Leok, “Discrete Hamilton-Jacobi
Theory”, SIAM J. Control Optim., vol. 49, no. 4, pp. 1829–1856,
Jan. 2011.
R. T. Sato Martín de Almagro, “Discrete Mechanics for Forced and
Constrained Systems”, Thesis, Universidad Complutense de Madrid,
Madrid, España, Mar. 2020.
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Thank you!
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