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The interest of gradings

There are several scenarios in geometry and physics in which a
(N,Z,Z>,R ...)grading appears:

e the algebra of exterior forms with the exterior product (Q’(M), /\),
e the spin of particles,

® intensive/extensive variables in thermodynamics,

e symplectisation/Poissonisation of contact/Jacobi manifolds,

e supermanifolds,

® higher tangent bundles.
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Theorem (Euler)

Let f: R" — R be a differentiable function, and k an integer. The following
assertions are equivalent:

@ f(t-x)=tfx), VteR\{0}, Vx €R",

n
@ f is an eigenfunction of X = ) x',, with eigenvalue k, namely
=1

Definition
A function f satisfying any of the equivalent conditions above is called
homogeneous of degree k or k-homogeneous.
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We can extend this notion to a manifold M" by considering a vector
field X € X(M) which is locally of the form

n
X = Z Xiaxf
i=1

in a certain atlas.




Definition

An (even) vector field ¥ on a (super)manifold M is called a weight
vector field if in a neighbourhood of every point of (the body of) M
there are coordinates (x?) such that

n
VZZWG'XaaXU, WQER

a=1

Such coordinates are called homogeneous coordinates, and the pair
(M, V) is called a homogeneity (super)manifold.
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Definition

Let (M, V) be a homogeneity (super)manifold and w € R. A tensor field
Aon M is called homogeneous of degree w or w-homogeneous if

LgA=w A.
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Example (Trivial)
The zero-section of the tangent bundle makes any (super)manifold a
homogeneity (super)manifold:

vV =0.

This means that all the subsequent results | shall present still hold if
you forget the adjective “homogeneous”.
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Example (Vector bundles)

Let m: £ — M be a vector bundle (VB). The Euler vector field
Ve € X(E), i.e. the infinitesimal generator of homotheties on the
fibers, is a weight vector field. In bundle coordinates,

(%) - (), V= Zy"aya.

a

Remark

The structure of VB on E is uniquely determined? by its structure of
manifold and a smooth action of the monoid (R, -) generated by V.

9See Grabowski and Rotkiewicz, /. Geom. Phys. 59 (2009).

.
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Example (Exact symplectic manifolds)

Let (M, w) be a symplectic manifold. Then, the following statements
are equivalent:

@ wis exact, i.e. there exists a @ € Q' (M) such that w = d,
® there exists a Liouville vector field V € X(M) such that Lvw = .

In fact, since X(M) 3 X — ixw € Q"'(M) is an isomorphism, given 8
(resp. V), we can univocally define 6 (resp. V) by the relation

vw = 6.

The Liouville vector field is a weight vector field. Indeed, in Darboux
coordinates (q', p) for 6, we have

6 = pidg' — V = pidy, .
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Given a homogeneity manifold (M, V) and an open subset U C M, it is
important to distinguish two possible situations:

® V|, is nowhere zero,
@ there exists a point xg € M such that V(xg) = 0.
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Proposition

Any nowhere-vanishing vector field X on a manifold M" is a weight vector
field. However, its weights are not canonical.

Proof.
Since X is nowhere zero, there exists an atlas with local coordinates
(x9) such that X = d,+. Forany I := {wx, ..., wp} C Rwithwy # 0, we
can define a new system of coordinates

1

l 3 ! .
yW:ewwxl yl:eW,XX/, Zg/gn,

SO that .
X = ZWO 'yaa)/a o

a=1
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On the other hand, in a neighbourhood of any point at which the
weight vector field vanishes, its weights are canonical.

Proposition (Grabowska and Grabowski, 2024)

An even vector field NV € X(M) is a weight vector field iff 7 is locally linear
and Ty, V is diagonalizable at any xo € |M| such that V(xo) = 0. In the
case V(xo) = 0, all weights of systems of homogeneous coordinates
around xq are the same for each system of homogeneous coordinates up
to permutations among the weights of even and odd coordinates
separately.
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A review on superanalysis

e The superspace RP!9 has canonical coordinates
', .., xP, &, &%), where x are commuting and &
anti-commuting:

X[-XjZXj~Xi, X"f“:fwx", ga_gb:_gcb.ga.

e Smooth functions on RP19 are polynomials on the anticommuting
variables & with functions on the commuting variables x as
coefficients, e.g. in RPI2 these are of the form

FO, X ELED) = o)+ Fi) ET + o) E2 + a0 E - €2

e The fact that there are commuting and anti-commuting
coordinates makes supermanifolds equipped with a Z;-grading.

e We call objects with Z,-degree O (resp. 1) even (resp. odd).
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A review on superanalysis

e Atangent vector v at a point p € RP19 is defined as a
superderivation on the space of functions:

v(f - 8) = vif) - g+ DI f(p) - vg)
where | - | denotes the Z;-grading.
e Coordinates (x, %) induce a basis (dy, 0za) of T,RP19 such that

0,400) =8, 9el(E®) =688, 0,(E%) =0 = dgalx).

/

e With this, it is possible to extend the notions of vector field,
differential form, (co)tangent bundle, and (co)distribution.

® The wedge product now depends on the Z,-grading, as well as
the usual N-grading:

anB—(1)ylal1BIg A g,

for any k-form a and any /-form S.

benius theorems GDE Seminar



Notions of supermanifold

¢ |n the literature, a supermanifold M is defined either
® 3s a set endowed with compatible smooth charts of
(super)coordinates taking values in an exterior algebra A°®(V), or
® 3s an ordinary manifold My = | M| equipped with a sheaf of
functions which is locally isomorphic to €>(Mo) ® A\*(V).
e Both definitions are actually interchangeable, namely, there is an
equivalence of categories.

e |n particular, there is an isomorphism of sheaves which permits
identifying systems of coordinates on both approaches.
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Definition

A distribution D C TM (resp. codistribution D C T*M) on a homogeneity
(super)manifold (M, V) is called a homogeneous distribution if the
tangent lift drV (resp. the cotangent lift d;V) is tangent to D.

Theorem (Grabowska and Grabowski, 2025)

D C TM is a homogeneous distribution iff it is locally generated by
homogeneous vector fields.

Corollary

D C T*M is a homogeneous codistribution iff it is locally generated by
homogeneous one-forms.
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Homogeneous Frobenius theorem

Theorem (Grabowska and Grabowski, 2025)

Let (M, ) be a homogeneity (super)manifold, and let D be a
homogeneous involutive distribution of rank k on M. Around every point
Xo € |M| at which \/ vanishes, there exists a system of homogeneous
coordinates (x?) such that D is locally generated by 0,1, . . ., Oyx.
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Homogeneous Frobenius theorem

Sketch of the proof.

e We can choose homogeneous coordinates (x?) around xg such
that 0,1, ..., 0y is a basis of Dy,.

Then, D is locally spanned by sections

n
Xi=0i+ ) flog, 1<i<k.
J=k+1

D is drV-invariant = X; are homogeneous.
® D involutive = [X;, Xj] = 0.

® Proceeding as in the proof of the usual Frobenius theorem, we
can obtain coordinates straightening X;.
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Remark

If f € €>(M) is a w-homogeneous function on a homogeneity
manifold (M, V) with non-zero weight w, then it vanishes at every point
Xo € M at which V vanishes. Indeed,

1 1
fixo) = m (Lvf)(Xo) = ” (twdf) (x0) = 0.

In other words, a homogeneous function non-vanishing at xg is
necessarily of degree zero.

Consequently, if a homogeneous one-form 8 does not vanish at xg,
then deg(B) € I, with ' C R the set of weights of any system of
homogeneous coordinates (x?) around xg. Otherwise, all the
coefficients of 8 in the basis (dx“) would vanish at xg.
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Homogeneous Poincaré lemma

Lemma (Grabowska and Grabowski, 2024)
Let w be a -homogeneous k-form (with k >0 and A € R) on a
homogeneity (super)manifold (M, ). In a neighbourhood of each xo € M
such that V(xp) = O, there exists a (k - 1)-form a such that:

@ da=uw,

® a is -homogeneous,

© alxp) = 0.
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Homogeneous symplectic Darboux theorem

Theorem (Grabowska and Grabowski, 2024)

Let w be a (A, 0)-homogeneous symplectic form on a homogeneity
(super)manifold (M, V) (with A € R and g € 7). Around every xq € |M|
such that V(xp) = O, there is a system of homogeneous coordinates

(@', pi, &) such that

w=dpAdg'+) €dfade, & =x1.
/
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Definition

A presymplectic form w on a (super)manifold M is a closed 2-form of
constant rank r. Its characteristic distribution C,, C TM is given by

Cy = kerw.

Proposition

The characteristic distribution C,, is an integrable distribution. Moreover, if
w is homogeneous (w.r.t. a weight vector field 7 on M), then Cy, is a
homogeneous distribution.

Frobenius theorems GDE Seminar



Homogeneous presymplectic Darboux theorem

Let w be (A, )-homogeneous presymplectic form on a homogeneity
(super)manifold (M, V) (with A € R and g € Z). Around any point
m € |M| such that either V(m) = 0 or V(m) # 0 and V(m) & ker wp,
there is a system of homogeneous coordinates (q', p;, &, 2%, x°) such that

w=) dojadg +) €défade, & ==x1.
i /
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Class of a one-form

Definition
Let a be a k-form on a supermanifold M. The subset

x(a) = ker(a) N ker(da) C TM

is called the characteristic set of a.

If y(a) is a distribution, it is called the characteristic distribution of q,
we say that a is regular, and the corank of y(a) as a sub-bundle of TM
is called the class of a:

class(a) := corank (y(a)) .
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Class of a one-form

Remark

For a one-form a on a (standard) manifold M, this is equivalent to the
classical definition of class, namely:

. anda® +0,
e class(a) =2s+1 n‘f{ e :78
anda=" +0,
e class(a) = 2siff 4 da* + 0,
anda®=0.
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Class of a one-form

Proposition
If ais a regular form, then y(a) is involutive and a is y(a)-invariant.

Proof.
For any pair of sections X and Y of y(a) = kera n kerda,

lxna = [y, Lyla = szyda =0, l[X(Y]da =0,

and
Lyxa = d(iya) + iyda = 0.
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Non-degenerate one-forms

Definition
A regular one-form a on a (super)manifold M is called
non-degenerate if its characteristic foliation is trivial:

x@ = {0y},

or equivalently,

class(a) = dim(M).
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Non-degenerate one-forms

The annihilator of y(a) is given by
(x(@)° = (kerankerda)® = (kera)° + (ker da)° = (a) + Im(bgq),
where byy: TM 3 v i (,da € T*M.

The form is non-degenerate iff ()((a))C> = T*M, so there are two
possible cases for dimM > 2:

@ M= (a)®Im(by,) = class(a) = rank(byy) + 1 (contact form),
@ T'M = Im(bge) = class(a) = rank(by,) (Symplectic potential).
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Non-degenerate one-forms

The situation dimM = 1, on the other hand, is trivial, since then every
one-form is closed.

On a (standard) manifold, the rank of da is always even. Thus, a
non-degenerate form a is

® 3 symplectic potential iff dim M is even,
e contact iff dim M is odd.
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Definition

Let a be a regular one-form on a (super)manifold M. We call a a
precontact form (resp. a presymplectic potential) if the induced
one-form aeq 0N M/x(a) is a contact form (resp. a symplectic
potential).

If ais regular, then da is presymplectic.
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Darboux theorem for homogeneous one-forms

Theorem (Grabowski and L. G., 2025)

Let a be a regular homogeneous one-form of degree A = (o,w) € Zy x R
on a homogeneity supermanifold (M, /). Around each point xo € | M|
such that either V(m) = 0 or V(m) # 0 and NV (m) & y(Q)m:

(1) For a precontact form a of class 2r +s+ 1, if V(xo) = 0 or w + 0,
r . 5
a=dz+) pdg+) eyldy, €==1,
i=1 =1

in a certain system of homogeneous coordinates (q', pj, z,y', x°)
centered at xg.

The coordinates () only appear if ais even, i.e. g = 0.
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Darboux theorem for homogeneous one-forms

Theorem (Grabowski and L. G., 2025)

Let a be a regular homogeneous one-form of degree A = (o,w) € Z; x R
on a homogeneity supermanifold (M, V). Around each point xg € | M|
such that either V(m) = 0 or V(m) # 0 and NV (m) & y(Q)m:

(2) Ifais a precontact form of class 2r +s+1, V(xg) # 0 and w = 0,
a= %+i,0-dq"+i5’y’dy’ e = 11
z =1 I =1 ’ o

in a certain system of homogeneous coordinates (q', pj, 2y, x7) such
that

20) =1, q'(x0) = pitxo) = ¥'(x0) = x°(x0) = 0.
The coordinates (y') only appear if a is even, i.e. g = 0.
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Darboux theorem for homogeneous one-forms

Theorem (Grabowski and L. G., 2025)

Let a be a regular homogeneous one-form of degree A = (o,w) € Z; x R
on a homogeneity supermanifold (M, ). Around each point xo € | M|
such that either V(m) = 0 or V(m) # 0 and V(m) & x(@)m:

(3) Ifais a presymplectic potential of class 2r + s,
r . S
a=) pdg+> gyldy, & ==x1,
i=1 =1

in a certain system of homogeneous coordinates (q', pj, y', x°)
The coordinates (y') only appear if a is even, i.e. g = 0.
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Corollary

Let a be a regular A-homogeneous one-form on a homogene/'ty man/fo/a’
(M, 7). Around each point xg € M such that either V(m) = 0 or V(m) #+ 0
and YV (m) & x(a)m, there exists a system of homogeneous coordinates in
which a has a canonical expression:

,
@a=adz+ Zp,-dq/, if ais precontact, and V(xg) = 0 or w # 0,
i=1

Qa= Z,o,dq ¥V =20, and z(m) = 1 if a is precontact,

YV (Xo) 7& O and w =0,
©a= Z pidx, if ais a presymplectic potential.
i
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Structure of the proof

e W.l.0.g. assume ato be non-degenerate. If a is degenerate, then
we can obtain the canonical expression for the (local) reduced
form areq on M/y(a) and pull it back.

e |f gis as a contact form, we can express the presymplectic form
da in homogeneous Darboux coordinates, and then apply the
homogeneous Poincaré lemma.

e |f ais a presymplectic potential, we construct a homogeneous
contactformn =dt+aon M x R.
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Example (Non-trivial homogeneous forms of weight zero)

e Consider R? with canonical coordinates (x, y, z) and V = xdy - yoy.
e Arbitrary smooth functions f;: R® — R of the form
fitx.y, 2) = @ilxy, 2)

are homogeneous of weight 0.
e letg=x(1+f1), p=y(l+f), {=fzsuchthat

CE
9Z |(0,0,0)

+0

e Then, n =d{ + pdq is a (local) homogeneous contact form of
weight O.
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Example (Non-trivial homogeneous forms of weight zero)

e Consider R? with canonical coordinates (x, y,z) and ¥V = xoy - yoy.
e [or instance,

n =y(1 +5inz + cos(xy)(1 +sinz) - sin(xy) (€7 + xy(1 + sinz))) dx
- x sin(xy) (Xy(sinz +1)+ ez) dy + e cos(xy)dz

is a homogeneous contact form of weight 0.
e A system of homogeneous Darboux coordinates is

g=x(1+coskxy)), p=y(1+sinky)), {=e cosxy),

sothatn = d{ +pdg and V = qdg - pdp.
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Example (Non-trivial homogeneous forms of weight zero)

e Consider R? with canonical coordinates (x,y,2) and ¥ = xdx - yd,.
e Similarly, the one-form

6 = y( cosh(xy)+ 1) ( sinh(xy) + xy cosh(xy) + 1) dx
+x%y cosh(xy)( cosh(xy) + 1) dy

is a homogeneous presymplectic potential of weight 0.
e Homogeneous Darboux coordinates (g, p, {) are given by

g =x(1+sinh(xy)), p=y(1+coshxy)), (=z.
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N-manifolds
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Definition (Bursztyn, Cueca and Mehta, 2025)

Let V = P!, V; be an N-graded vector space. An (algebro-geometric)
N-graded manifold of degree n is a ringed space M = (M, €y)
consisting of a smooth manifold M endowed with a sheaf of graded
commutative algebras such that any point in M admits a
neighborhood U with an isomorphism

Gily = € @SV, (1)

where S* V denotes the graded symmetric algebra of V. The subsheaf
of homogeneous functions of degree / is given by

%J/v[uz%goeps’\/.

The dimension of M is mg| - -+ | mp, where mg = dim M and
m; =dimV, foreachi=1,...,n.
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Definition (Bursztyn, Cueca and Mehta, 2025)

A chart

(Ucmxe), 1<a<mo, 1<B<m, T<i<n.

of M consists of a chart (U; x%) of M such that the condition (1) holds in
mi
U, and (eﬁ) 1 is a basis of V.

i
i
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Definition (Bursztyn, Cueca and Mehta, 2025)

A morphism of algebro-geometric N-graded manifolds of degree n
W: M — N is a morphism of ringed spaces, given by a pair ¥ = (¢, #),
where ¢: M — N is a smooth map and (f: € — (. % is morphism
of sheaves of algebras over N which preserves the degrees.

Algebro-geometric N-graded manifolds of degree n with these

morphisms form the category l\/lang|g.

doén (IM PAN) Homoge s Darboux and Frobenius theorems GDE Seminar



e The parity reversing functor is the endofunctor in the category of
Zy-graded vector spaces defined by

nv—-rv, (Woy=Vy, [IV)y=VW.
e |t relates the exterior and symmetric algebras of V as follows:
ssv=N\"nv, Nv=snv.

e Consequently, the local form (1) of the sheaf on an N-manifold
can be rewritten as

Gly =€ \"W, w=nv.

GDE Seminar



From the algebro-geometric approach to

homogeneity

¢ Note that an algebro-geometric N-graded manifold is naturally
equipped with a weight vector field V locally given by

v — ZZJQB/

=1 B=1 J

¢ The flow of V defines an action of the monoid (R, -) on M given by
hy (xa, e’,B’) = (XC‘, t’é?”) :

e |n particular, hg can be identified with the projection onto the
body M = |M].

e Additionally, note that h_4 acts as the parity operator.

Frobenius theorems GDE Seminar



Homogeneity structures

Definition (J6zwikowski and Rotkiewicz, 2016)

A homogeneity structure on a supermanifold M is a smooth action
h: R x M — M of the multiplicative monoid (R, -) of real numbers, i.e.,
his a morphism of supermanifolds defined by a collection of maps
he: M — M, t € R such that hf, = hf o hf for any s,t € Rand hy = Idy.
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Homogeneity structures

Definition (Jozwikowski and Rotkiewicz, 2016)

A morphism of two homogeneity structures (M1, h1) and (M, hy) is a
morphism of supermanifolds ®: My — M, intertwining the actions h
and h,. The category of homogeneity structures on supermanifolds
has these morphisms and pairs (M, h) as objects.
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Homogeneity structures

Definition (J6zwikowski and Rotkiewicz, 2016)
A (local) function f on M is called homogeneous of weight w € N if

hif)y=t"-f, VteR.

Proposition (Jozwikowski and Rotkiewicz, 2016)

Given a homogeneity structure h: R x M — M on a supermanifold M,
one can always find an atlas with homogeneous coordinates on M.
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Definition

A homogeneous N-graded supermanifold is a supermanifold M
equipped with a homogeneity structure h: R x M — M such that
ho: M — M is the projection onto the body of M and h_; acts as the
parity operator. By the degree n of (M, h) we will refer to the maximum
weight among the set of weights of homogeneous coordinates.

Homogeneous N-graded supermanifolds of degree n with morphims
between their homogeneity structures form the category HSMang.

This is the definition of N-manifold used by Severa and Roytenberg.

rdén (IM PAN) s Darboux and Frobenius theorems GDE Seminar



Using an atlas of homogeneous coordinates, h defines a grading on
the sheaf of functions.

The categories Many, and HSMany, are equivalent. Moreover, on each
N-graded manifold M, the degrees of homogeneous functions defined by
the homogeneity structure h and by the grading of the sheaf €y coincide.
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Definition (Bursztyn, Cueca and Mehta, 2025)
Let M = (M, éx) be an algebro-geometric N-graded manifold of

degree n and dimension mg| - - - | my. Given an open subset U C M, a
vector field of degree k on M|, is a degree k derivation X of @(U), i.e.,
an R-linear map X: en(U) — éw(U) with the property that, for all

1,8 € en(U) with f homogeneous, deg(Xf) = deg(f) + k and

X(f8) = X(Hg + (-1 98Dpx(g).

The sheaf of all vector fields on M is denoted by 7. The graded
commutator of vector fields is defined by

[X, V] = XY - (—1)de8l0 degMyy

for homogeneous vector fields X and Y, and extended to any vector
fields by linearity.

s theorems GDE Seminar
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Definition (Bursztyn, Cueca and Mehta, 2025)

A distribution on M of rank do| - - - | dp is a graded subsheaf D C %
of €y-modules such that any point in M admits an open
neighborhood U in which D(U) is generated by linearly independent
vector fields

X}, 0<k<n, 1<ip<dy.

which are homogeneous with deg(X,ik) = -k.
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Proposition

There is a one-to-one correspondence between homogeneous distributions
on a homogeneous N-graded supermanifold and distributions on an
algebro-geometric N-graded manifold.
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From the Frobenius theorem for manifolds with weight vector fields
we can recover the main result by Bursztyn, Cueca and Mehta:

Corollary

Let D be an involutive distribution of rank do| - - - | dn on an
algebro-geometric N-graded manifold M = (M, ) of degree n and
dimension mg | - -- | mpn. Then, around any point in M there is a chart

(U; x4, ef/) such that

D(U) = <a | 1<a<dy, 1<j<n, 1<,8/<dj>

oxa’ e/B/
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The proof by Bursztyn, Cueca and Mehta is much more intricate. They
have several non-trivial theorems, lemmas and propositions showing
that:

e There is an equivalence of categories associating to each
N-graded manifold M = (M, ) an admissible coalgebra
bundle, i.e

-1
e agraded vector bundle £ = EBE, — M with
i==n
® 3 degree preserving VB map u: £ — £ ® E which is coassociative
and graded cocommutative, namely,

wheret € S; actsby t(e®€) = (-1)e' ® ¢, fore € £,¢’ € E;.
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The proof by Bursztyn, Cueca and Mehta is much more intricate. They
have several non-trivial theorems, lemmas and propositions showing
that:

e Adistribution in M is equivalent to a collection of vector
subbundles C, C Der(E*)_, C Der(E*) satisfying certain properties.

* Aninvolutive distribution is equivalent to an involutive subbundle
F C TM and a collection of flat connections V' on £, satisfying

VQJ (b (e €)) = (VQe, e’) + U (e, foe ) ,

foralle e I'(EY), € € f(Efj), X e [(F).
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Conclusions

DE Seminar



e Weight vector fields and homogeneity structures allows
extending results to the graded realm by means of standard
differential-geometric tools.

¢ We have shown the existence of coordinates which are
simultaneously homogeneous and canonical for differential
forms.
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Future research

e This formalism is specially useful for combining a grading with
another compatible geometric structure, e.g. VB-groupoids or
VB-algebroids.

e Multiple gradings: V41 and V5 such that [V4, V2] =0

e Homogeneous Poisson structures and homogeneous Weinstein
splitting coordinates

e Homogeneous multisymplectic forms
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